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WSJBSi 
Tim proVUm of detoxnlala.'; tte loo^tioa of tlie aoros of 
cooposito polTBonlals (^.e** the polynomlaLB derlwd in marlous 
ways hf sane sort of oonpoaitlon of tm or nioxti pOljiioBiaXo) 
ba0 boon studied from tiiao to tlao and quite iatennl^oly hf a 
great aany aathematlolansf eooh an i Bdcher« De Bruljat Xateyat 
Mardeiit Saog^* Talca^t ^alehf il0ieiier» Zabeert and Zervoe* Ifoat 
of than wortod only in rolatioa to pcUiyataaimls la the ooaq^ex 
l^aae* In reXatloat bove'ver, to liiore general apaoeOf thie lyroblen 
has 80 far been taken up only by Zervoa C ^ ] t Harden [lOJ • D'] 
and Zateer C ^ l t C^^ ] • C23 3 ^ their attenpts to ataeralloe 
oertaln olaseloal results duo to Seeg^t Bdohert eoid Walsh* Our 
object in th9 present theala la to Investigate the loeitlon of 
the aeroe of oertaln y^letlea of cenpoalte polynoslals In algeb-
raloallj oloeed fields of oharaptarletlo aerot in general» In 
our study ne latroduoe a now ciaraa of caopoolte poXyniaiilals «9 
«ell aa vso ooneidar eone alreedy knoan olartses of nuoh polynanlals, 
The tern *oflttposlte polyaonlal* used above and the viord 
*o<npoeltion' therein need further explanations In their wider 
context. The vrord 'ooaposltloii* should not bo oonfuoed with tte 
usual oonpoeitlon f o g of functions, rather It should be newed 
OS a *S12A* which presorlbea th9 roles that the c l^n polyaoRlals 
( • ) 
are to play whllo oolwtrtictlag a partloianr ttiriety of coopoelto 
ptflynflBlal0» Tbene ruloa (^tlMT fonailatad explicitly or iapli-
oitly) Bay then IM deeoad ae tlie vnriooa vaye of deriTlqg difft* 
rent vvrietiea of oonpoaite pdlynonialii* In cae^ e of the eoopoBite 
polynoedala diacttased ia Obaptera IX •- tX of the prenettt theeie 
the rulea ere explicitly fomolated, vliile ia Chaptera TXX and 
TZXX the rolea happen to Iw iHpUoitly foxnnlated, 
fhe preaeat thesta ^onprAaee e i ^ t ohaptara ooaalating 
of varioaa eeotionat the aeotiona holm antiored ia the order ia 
«hioh they oocur ia the theeia* The material ia Chapter YXZ haa 
appeared ia the Trana. icier* Math* Soo* (of, C ^^ ] / «M.l9 the 
ooateata of Cha^ere IX • XT are due to appear ia tte Froo, Load* 
Hath* Soc, (of [ 2 6 ] ) . 
Ohaq^r X on preliDiaariea ia inten i^ed to oaloB ths theeie 
ae 8elf«-ooatained aa poeaible* Thia chapter deala with defiaitiooe 
and important propertiee coooeraiag aagiiaal ordered sabfielde K^  
of an algebraically oloeed field S of oharactcrirtic aero* th» 
K^o^oavexityt the projective field K^ » and the claae D{K^) of 
gewraliaed eiroular regioae ia K^ aa iatrodaoed 1^ Zervoa [28]. 
These regiooB ha^ aboadaatly heea aeed for proaorihiag ths eeroe 
of ^le ooi^oeite polyaeetiale that m oonaidar ia Chaptere XX • t l . 
Xa Chaptera XI and XIX ee iatroduoe the olaaa of ooopoaite 
in) 
polynoBlals l^Cs) ^ e p , L^(s))« Aerlwi ttm a gl^n pdXjiioiaial 
an! i t s polar (rasp* ^oonl) darlTatlTss in an al^broleally 
oloaad field K of obaraoteristlo aero fa*) ia^atlgata the lootr 
tion of tlia aoroe of auoh polynopiialn« A datalled ooQparatl^ 
atiiAy of tlio tao olasaoa eidilbita iiloa ralatiooahipa bataaan 
them and* la i4ditioii» alioas that thsy are eoaoatially the nmrn 
and differ only la foni* M oall thaoe aa poli^ ir-'Oattpoelte p61y-
aoBlala* Our oeatral resulta In tha^e ohapterSf oonoaralng sosh 
polyaowlalwt are expareisaad la Theorraa (5*?) and (7*1 )• Ttme9 
tfaaoraBa doduoa* flmong other lateraatlag new oorolliirioB, itoBo 
knoaa remata due to Laguarrat llar<toaf Zafaaer aad Zerfoe* It la 
olao ahown hy axaoples at the end that our reeolta la tlisae 
ohaptera oanz»t be further geaerallBed la oertala natural dlreo* 
tlona* 
fha theory of polar^ooBpoaita polyaoBdala studied la 
Ohfl^era IZ aad XIX haa haea fruitfully exploited la a variety of 
altoatloaa la Chapter I t to ohtala lateraatlag geonetrlcal patteraa 
aaaoolated alth the aeros of polaa>ccBpoeita polyaanlala la the 
oonplex plane. SOM of the latereatlag onaa anployid la ^tm loea-
tloa of aeroa aead speolal neat Ion* Thaaa are i convex seta* jola 
of tao aata* and oertala klada of aeotora. Phspaloal laterpratatlooe 
of Bone of our reeulta have alao been dlaouanad In thla ohapter* 
(vU) 
In Chapter •» «• oonnidar further appliofitlone of oar 
oentral reoolt of Chapter III (of* Theoren (7.1)) asA olytain 
quite Banar ziew resultB conoemln^^ an IntereetliK; OXORR of 
eompoeite polynonlalB la the oosplex plane. Host of these 
reaolte deduoe as oorollarlee a ouDher of reeolte duo to Harden 
flOl to iteloaer (see (lOt pp« 68 «- 72]^* Certain rosoltn on 
partial fraiotlon mam baw also been obtained* 
Our prlaolpal aia In Chapter TZ le to ntvAy the soroo of 
the oQBposlte polynoodalt? uhlch arlne as linear ooBblaatloOB of 
a pol3monlal and Its (fomal} derlvntlvee In an algolnraloalXy 
oloeed field of oharacterletlo eero* Corollaries of our oaln 
theorem in this chapter# when applied to the oonplex r)lane9 
furnish Improved v^Brslons of the oorrespondlaf; knotm claftalcal 
results due to lBlsh« llardan« and Kaleeyn« the Improveisieat being 
In the seaee that we use generalised olroular regions Instead of 
the olasslcal ones as used by them, llooreofer, our results cannot 
be further generalised In certain natural (tlrectl^ss, (section 17 
of this chapter deals with examples ehloh uphold this olala* 
In the last t«o chapters we restrict ourr^lYes to the 
field of complex noabers and Investigate tl») location of the 
seros of the Stleltjes polynomials a (a) and ths 7an Tleok polji^ 
nomlals ?(•) nMch arlne In the r^tudy of the polynomial solutions 
of the gencrallfled Lame differential equation* The polynomlalB do 
(^rtll) 
ooeQ in %b» pdrTl<}w of oacipoBite poXsmoadaln as »een la 
SeotloB 18* In oiir BtuAy we deal with yot another form of tie 
BeJA difforontial oqiaation. Our laaia theonsias la Chapter TIZ 
oro two-fold geaeraUsatione of a result due to Unrdoa Ql* 
p* 957] 0 while the oala roault la Chapter HZX gt^aeralisee 
the earlier knom reoulte due to Kardea and to Zahe«r» Inolu-
Aism those of stleltjest •aa fleck* Bdchsr, Kleln« aa3 Pol^ ra 
(see C 11 ]» C H l)« ^ haw eeea at the end that our results 
are applicable to certaia olasaloal orthor^oaal polyw^aialo* A 
typical result to this effect has also heea proved la cai^ of 









nth Btatenont (e.g. equalityt inequality, 
eontainnent, eto.^ in Section m. 
The Theorem mnbered n in Section a. Slnilar 
convention adopted for Corollary, Lesaaa, 
PropoeitioB, Definition and Remark etc. 
(These itens are numbered in the order in which 
they occur and are not emsaerated as separate 
entities^• 
The complement of B in A. 
s X s X... X s (n Uma), 
Ordering on 3. 
Set of all real aombers. 
Set of all complex numbers. 
Sztended oenplez nombei system. 
An algebraically closed xUeld of characteristic 
aero. 
K u{w] , i^ iere cO i s the point at infinity. 
A maximal ordered sabfield of K. 













Hoal pafrt of en elvaont B u t * 
XBuv;iiiary part of an Qlemmt B i^  K. 
Connate of OB olanont B n S. 
ArgUBOOt (ei3plltqa«t piiaf^ e arn l^o) of B . 
TtM UaanlaX ooeffleleat afAit(»-B)l. 
BotmAary of tho rogioa R. 
ISlbe eXars of al l gemsrallBod oiroolar regions 
«f X^, 
Tim olase of aH nth dogreo polTBOslal^  trmt 
K toX, 
ltth(foxaal)derlvatlto of fCa), 
The set of itU saroe of ^le polynonlal f • 
f Is apolfO* to g» 
Polar<-ooBposite polynonial of f asooolated 
iiitli aa eleoQat « n K^ ^^  am! the oomspoadlng 
tfUKlliary polTBORlal* 
4 baU with oeatro a a»l rodlas r* 
A closed bell lilth oeatre a and radius r. 
S)iB ^ i a of two Boa>>e!^ y sets A toA B. 
The oonvax m i l of the set A. 
(si) 
a* I ThB Idoet fjeaarallsied haJS-^mm oontaialag 
H V{<]. 
S&f ^] * %^B least ooavex seotor ooixtalning A anA 
haYiag < as vortex. 
SCB) t A Stlolt3©8 poX^moaial* 
• C B ) t A Tan Vlaok p03jiii»iaX« 
(xU) 
Za ocraplox funotion theory and perfetoalary la tho theory 
of polynonlalo tho olonoioal olroular regions in oosplox plane 
eare <|ttlte fanjlllmr objoota. 5he oaneopt of the? o regioar Tryg 
first gonerallaoa l>y Zorvos C 27 ] t C 28 ] fumlohlnr? tha oo»-
ploz plans with tbo olann of tho ao-^alloa gGnsreXim^ olroalar 
regions larn«r than (but sharing tho eccm proportles tm thoBo 
of) the olaasicol osieo. In the flret oeotlon of tlilB chapter 
vie ahall ozplaln nooe noodseory tcriaey notations oncl algebraic 
stroctitros to a^ld any posnible confnsiwi du^  to different 
oonwnti(»8 and torralnolocion wiod by different authors• In 
Seotion 2 we GhgHX eseoatiolly deal with the concept of gene-
raliaod oiroul r rogioae as introduced by aenroe and shall 
deaorlbo soiae of tholr iiaportaat proportlen lahioh we shall 
frequently one in our prcnent work, Thle chapter lo laainly 
alaed at aakino the pro^ 'ont thesis an solf<->oontained as 
poooible. 
n B^Bg ffamffBlfgY ffffff?tglig' 3^® seotion i s laalnly 
devoted to certain alccbraio strootures sad their properties 
which we ehall frequently me^ vmo of in tho mxt section a& 
well 00 in aoDC of the eubooquent ohapters. e^ shall discuss 
ordered fiolds« nasiiBal ordered fields^ algebraically closed 
fields etc. imd derjoribe oor» of their Isiportant properties. 
BtM»»ro wltbiii aquaro teraoleote [ J slittXl ialioate 1^0 itea 
aaabers of iSim v^9Tenoo9 in t2io MbXio^aptiy at the end of 
%!» tiMBalo. fo hixvo also givon a Uot of abtare^atians u0ed 
ia oar text on par^ (^)» 
gatatioaa. If ** ^ ** ^ r a proolselj j ^ la a 
partial ardnrlm on a mt n« tiioa tlia otateniDnt **a < b** 
will eta»i for • • a ^ b aad a i < V » « ^ ohall iaterohaiv!^-
alily uoo th9 atatoasnta • • « 1 *^ • an* • •b ^ a» •. The 
aogatioa of »'a i b« • will b@ wrlttoa aa »'a ^ b» •. 
PffiTtlUttfti 0*1)« ^ fioH KQ la oaid to be an orderod 
fi,alA if thero exista a oubaot P of X^  Sfttlafylng tha 
propertieo t 
(1 ) P n (•?) • (^ t «l»re ••? •• (-a 1 a n P j » 
(U ) K^  - p U (o j U (-P). 
( i l l ) (afb) ami ab baloag t^ ? for al l ol^aonta 
a and b ia ?• 
Tha 9©ttf P, -P aai P D{oj (^anotad by K ^ or© called tha 
Mt of j2ffi£Uifi» liegal2jC9L a»^ ^^"'^•^^tfln olensata of IC^  
raapootl'fBljr* An aqolTaenfe dafiaitioa of an or^red field i s 
the fdllowlQg ^f • BoiirbaH C ^ 3^ * 
pafinitiftn (i.i)«« A field r » te^tethBT with a total 
ordering; • • : !* • on K^  , la called an Ji^ lSffiSi £bl24 1' ^ » 
( i ) x^z^y+B for owry « H K, proviacd x i y^ 
(U) xy ^ o If ai,y i « . 
It io easy to cbeok tliat tlio deflnitioiii! (1,1) and (1,1)* aro 
•(lUinO^at i f m raor«ly d©f ino a relation • '^ ^ • on t^ ^ 
••a<1> If and only If (Va) ft ?••. «B than tirlt© ''a i V» 
to neon tliat A < b or a « b« It la mom t r i b a l to Tsrlfy 
tha fOUewlng propositlows* 
(a) U »^ 1) ia A JlsjKflUz sasSisssA jfil» 
(b) P - { a ft K^ l a > o] a^u KcN. • { * '^  V « ^ ®] • 
(o) a < bf 0 > o ianl|e8 that m < bo« 
a < bf 0 < 0 limliea ^ ^ «o > bo^  
(4) 0 < a < b HM^eo J M •'^ > *"^ 
groaoaitioit (1«5)* (Van dor Waordaa (i3« p. 233})• i a 
glifMl^im (1*4) (2t p*34]. An ordarod field (K, ^ ) 
la an ordarad aartonBion T^lold of a rlmn ordorod field 
(F* ;^)t If X la an oxtaoslon flold of F and If tho re»» 
trlotlon to P f ordoring **^'* eolaoldoa «l«i tha 
• t <_ « • ^ 
gropoaltiitn <n5)(Taa <l9r laardmi Qd« 9«293]^« £E££S 
oaPdMPiid f i a lA ftftnlt«4»fl tha f l o l d Q of y ^ t u n ^ l a (jxn to Ml 
a^lnititttt (1.6) [2, p.933. »A ord«r9<l field K^  is 
said to be^j|02BliL i ' every ord«rod algebraio oxtensioa of 
K^  io identical to K^ j ^p to fN|viiv^0nco^« 
Brfinitimt ( l . 7 ) D a f P«212]* A f io ld K i » cnid to te 
whore tbo ooeffioionta d); <l ^ («lth ^ |iit o)t ^lem n linear 
factom oaoh «ith ooeffloiente in K* 
PgogoaitJoa (13)CBourbalcl {a^  p«99))* J B ^ iBdSES^ 
field K .9,A3Ate jB ardea^ ft^WWfltB fflrttflfflQB «^Q^ ^« * 
AtflfiMil tee&os^ fie;^d. 
elapnt of j | flBlDfll ff4<!y^^ field K^ j^gg^ ^ SOSMBSL 1^9^ iA 
^ ffll4 f^ "IffY OTiVYMfnAltli °^ "^ ^ dflflapee (defined on | L ) ^fl A 
TbG following tbeorea olJaractQriaoa lacccijaal ordered 
fieldo. 
u 
(1*10) (Wlor • Iinp-aage 
Ipif tha QloaBat i ) t 
(11) jQj^ flQld S^ X^ nfffifmV 
?ran Propooltioas (1«3)i (1*9) aad Xliaorcas (I.IO), «• 
JOSflSSB (t.11)(Harsiaiidor [ 9 ] ) . IS X M Jfl BtoWll^r 
MStalA SS^SXSSL. SEMMi&, % S^ ^ «Kih ^ t E « K^^i). 
If s « df l^bt w a«flQci 1 » a - i1i» He(s) » (s ^ D/S* 
to(«) « (8 - i)/fei. and |a | • (a^^ %^)^^, 
MUJBAMSlk 0«12)* A aubiset A of m JfOgebraloalXy 
oXooed field K of oharaot0S*i8tlo mxo I© oatlod Z '^tmmx 
If A / | * | « ^ for aU aj # A «a3 /** # X<^  (|J» set of 
a l l noOHaogatifo elotasnte of K^ oooh that S /^4 « It 
ahraro K^  i s tho ottKtoal orderod aabfleld of X. 
2« dmiBnillarWl a ^ w m l ^ ;.-ftpctiiiifl l a BL fift-^it. Let ^ and 
/^ d e n o t e , r e s p e c t i v e l y , the s e t s of complex and r e a l 
2 
iroAacrt tv^eldgs^ aflre ianaorphlo top(Aor>loi9l iptotor 8^ «^!IB«IS 
vmt Ot • aaA shall 1» Mmitifiod m SSBBBiSaLSUtL* "^^ ^co 
Amnam the oomMiotifloatiatt (D 9 {^} of (Z^  0^ «d;3(dtiliie a 
aiaglo pol«t **CA>** at iafliiita^* m ab«U daaote tiM 
olasa of till i^  memims. (ort sli^plyt ooave^ ^ mlieota of (D 
1^ jBr • Aaar sulsaet A of <r^  i s aoid to te a jmrailUWl 
otnMlaflP TOgiott «f (T^  if A is oat of <^ ie foUoffliig t^ iie of 
80tl! I 
(i ) 09 c t ( x j for Meet 
<ii ) ballA m hal^plnaeeit a»A ^loir imioii with tfigr 
oonnootod m^sot of tb^ir bemd^ ffgn 
( i i i ) Seta «liieli are ooiqplm i^oiite ^ t t i respect te ^^) 
of 1^0 eets appearing in (i) eaoA (ii)* 
fhe §iBoraliflad oiroalar ragioaa ooalainias all 03^  IM> 'bma&my 
points redtaoe to tl» (olasaioal) oiroolar redone (lO«p«483 of 
<^ co * ^ shall (loaoto the olaan of all ^ti^alisod «Uroalar 
regiottfof <r^  % 9<<Z^ )* l|f e ^^ralimd oiroalar r^gioa of 
C, m ahaU ne«i i^ ree^ieHoa to C of « eeaermlia&d oireular 
rogioii of (D^ « feat a fismd Cd (D • ^^ aappiiig 9^  (sM/Cs* <) 
defined for all • • (t^ t^ ie m. nammtintifli^  of (D^ « Sho pexoo^ 
tation f defined hy 
f (s) • (as • h)/(os • d) for oil s « (C^ 
with Ofh,o,d bomg fixad elemnto of C for etsioh ad^ bo 4 0* 
troa th9 fact that ouoh tranetosvMtiotm nap ths fanlXr of 
olroXos aaA etrolght XIO00 onto tlw Sflia» fesailjr* Svery gen»-
r«li9o<l oirouXor rogimt A of C^ luui tte folloerlag propor-
tl08 I 
(2*1) J 
(1 } If eo|(A« ttea A i s oaavQx (l.e .^  A <| £>^}l 
(U ) Zf < 0 e «A« tlMtt 9^  (A) i s oonvoset 
( i l l ) f(A} ft BC^CO) for every honegra^hio trana-
fonsatloa f • 
Ssrvoe [28* p«9S2] has also shovn that j ^ 41 auh^t A 
C « C -At JiBB A ift JOftSfiSaaSiULZ i n 3<^eo)« '^^ roaolt 
just ototad shoflB tliat tbo proporty (3«1)(11) i s a chariyster* 
lotlo proporty of the gaaarallaod oiroviXar rciglonBf «hloh 
2orvoa [ 28 ] has aaod to dof iao the goneralissod olroular 
rogloaa In a field an foUoae 1 
Consider m^ tloliOi K and e4jola to It an oleiBBiit x^** 
(oalled inflnltar) and fumlah K 0{co3(iaaoted ^ K^^ with 
the follovdiif; operations 1 
(Z.Z)< 
<1 ) t, ( S K'^ ) preeonrr^ e Ita init ial field oporatlonnf 
(11) a?^ w • CA>*a • CA> Vft n K, co.a • tk^oAmcdya^ ^ K - /o ? 
-1 - i ' 
0 ^ «£0t 6? m 0* 
For a flxod < 9 S, w doflao tins Enappiag ?^ ^ of K^ 
2)9fiaitiflo (.''•I)* A pexmtotim f of S^ « deflaad 
f(«) • (aa • b)/(es • a ) V « i^  K^ 
with fttN^^fA boiqg o3jef33at0 of K for «rhl<A od i^  bo» le 
o |i( 0* Za oa0O 0 • Of «9 say that f haa no T)Ol0« 
A haBO(^ qraphio traasforraatioa \iith no polo i s of tbs 
fons f («) » as <»> !> (iilt3i a id o) i ^ I o a hORioeraphio trans* 
foroatloQ « 1 ^ polo C oan always bo writtoa la tbo fcon 
f (1) « (aa • b)/^ « C) for oooe atb <i K for wfiioh b>a^^ 0, 
Olearlyt tlio iwrnrBo of aqy hocio^^apiiio traasfoxnatloa le 
again a hoaographlo trtmBionaatloa. 
Slwa a oaboet B of K and m oloaeat x 
of Xf m «rlto B - ^ x « ( b 4 > x t b ^ s j a a d B*x « [b^xtb^Bj, 
^^^iMfti i^-^)* A fanlly B of atiboots of K Is 
said to bo baolo If 
(i ) l ^ t B f l l t B and { » J ( | 5 for ewry x « K, 
(11) B •« w x,l& • B for o-rory x <| K - (o J , 
vtere £ • < • (B<«.xt Bn i&jaml 0^ .x « [B.X I B t S J • Tb* 
palsr (K^»J6 ) will d«noto K^ fttmlsliid wiih a basic faoily 
Biepplag (2»5)* ShB foUovla^ ASW tnas^ea of basic 
ftBlllec t 
(i ) It B • B^ t wh/are £ ^ Is ths class of till ooa^z 
suteets of C t thin iD is a basic f aoi]^ in (T • 
( i i ) Z f i 6 t t ^ B t B i s a t^oamx subset of X J » 
alure S i s an algebraically oloaod field of oharaotcriotio aero 
vltli XQ as i t s BMUCiaal ordered subfiold, tboa iB i s a basio 
fsBily in X. 
( i l l ) If B • | B t B i s an lueontax subset of X »^ 
alisre 7 i s any ordered subfiold of a field X of oharnoteri»» 
tic serot then B i s a basic foraily in K« 
(IT ) If i|& i s ths f aaily of all olasoioal ciroolar 
regioas of C t thtn £> i s a bo^io f aiaily in C • 
ni^ ^ i^mi^ ^ (2«4). (Hton the pair (X^ • i& )• as defiw 
a subset i of X^ to be a l^yjirffiiLiiBf?^  "flHTllflT region of X^ 
i f sitbsr A i s ens of the sets {^ ,X,X^9 or A satisfies the 
following two conditions t 
(i )5^(A) « 6 y ? e K - A| 
( i i ) A i( ^ iBpUos that 60(1 A| 
irit0T9 <P^ i s tte oe^lng as doflnod \s^ (2«3)* The claso of al l 
senarallsod oiroolsr xegloof) of K^ (for a gl'VBii baaio fesaily 
/£> in S) Hill be danotod lissr 2)(K^ , S ) . If fB i s tha olaoe 
h^ of aU K -^eoiii«:c euDiiota of IC (as givon in o^mplo 
no shall daaoto the class of all .<^ n( ralisod oixtmlar 
rogioae of X^ slitq^ ajr by S(K^). 5y a geaaralifso'! oiroular 
rogi<m of X, «& «oald moan tiio rootriotioii to S of a gonorap 
liS0d oiroular rogion of K^ • Tlie ocipity oot ^^t^%^ and 
single^point sets (^ tholr ooBpleaoats ia K^^ aro tbs oxmplos 
of trivial f^ snorallJK 1 circular radons of K^ • Some axaciploo 
^ HtflrtTTlTlif? ssaoraliaed oiroular regions of K are Iv^n 
telov I 
£HBBi2A^(2.9)(i), 2iet X • (T ani lb « IB^  ^h9 family of 
all convex sttbeets of <P^. Than D( <^C4> • ^c^ ^° preoiocly tbs 
olaee of al l ^neralised oiroular rof^ ioao of €^ m nentioaod 
above* 
( i i ) [^9 p«994]* Let X be wKjr fiold and lot 
vbsra 6^  i s tl» cla^ss of all 0irtw?oto of K of oardinality o (^ 
oardiaality of K), Tbon IB is a basic faeily eoA the class of 
all genaralisod oiroular regions ^ l a t l v e to ffi> ^  <rf K^ o ®^ 
giwa by 
1 
ilier* K>» i s iSnd olaas of a l l subsets of Z^ of cardinality o. 
Zor^ rw C 2t8t p.393 1 Has gLTBtk ^» following rosult «hioh 
TodvOQB (im spseial oase vfy&n K m C^ to tbB olaisaioal result 
«3cpreoaod ia (2«1)(iii) (seo p. 7) 
irtltetll^ nolo) o^i^tQff t ^ <|,^g ^(^coti& ) ^ jQX SSSSSESQJM^ 
n » ohoraotoriaatioa ^ue to Zervoa [28p pp. 572«>3873)of 
tliB olasa 0(K^)9 aiiaa X m C ^ Isa .^s to '^ la folloiiinp^ rosult. 
Jt& iUBUI iPtayiar for ejctorioi^ ^ gg; oiroloB y^ ^ oasi^  ^ 'f^ '* 
llflflffn- •diaiaaii with a e^ Mnaactod aubsst (aeaaJbl^ v aaoty) ^ 
fha msiabars of ])( C^ ) , a i ^ al l or no hoaxoA&py 
points inoladad, are tomsd aa Classical) oiroulcir Ter,iom of 
aifan the olamaato a n K ana r <| K^t ^ dofii» a ^ T * dnd 
<^  fi<kB8S^ l&m *^ ^^ oeatro a and rsdiao r t]^ tba following 
sots 2«3pectivo2y t 
(2*4) 3(atr) • j ^ a Q K i i 8 - » a i < r ] t 
1:.^  
(2.5) »(a.r) m | ^ « i | K t | « - a | i r j , 
It Is trivial to show (of» [20, p. 178], [21, p. 11^]) that 
S(«,r) «»& 2)(afr) oro /pnaraHood olroular regions of t^ 
ani that thoy lara K^ -^ onva^ e seta. In oaoe whan K •» (D , aa 
opoa ^ s p * olosod) ball noold bo referred to an csi open 
(^8p» olooed) dioo* 
Ite paraiblea of Aetexislnliig tha miTon of pol^noBdals 
2ia0 alumsrs attr«3tad the attoatimi of natlineiatioiaae elnoe 
tba 7t;ry early <tayn of rsnthofaatiOBm Saving failed to coin a 
gdwraX fomala to "^n effect* tlktir attoxttion ehiftod to 
apiiroxiiaation antit finallji to ^yi detarmiaation of tba r«l»* 
t ite location of tho sf^ rora of two or aore related polynoiaiale • 
W& nhall limit oar8alvir>o mOy to tho aRDOct of thr^  probles 
#ilQh 9aa tri gored by Lucas C 9 ] and whioh led to laoro 
^aoral aad Tarlod fcansiilatioa by lagoorro C 8 3 f C»rac?o C ? 3 • 
Sao{T5 [ 16 3 f OBnaaator [ 5 31 Kard«a [ tO 3 • ^osrrtm C 28 3 
aaA Zalioer [ ? l ] , 12? 3 • ^ "^ ^^  obaptor and the r^ ubeoquont 
QiiQfl WO shall dincu-o In dotal! the problora of dotoralainrr the 
l»^atioa of tho aoroo of certain coaponite polynomlnlfi C ®^ 3 
(i.e* tho polynooials loriwd In varlooo imyo by ootao Rort of 
ooapoaitioa of two or laorc^  gifoa polynoraialR) * ?h& ntudy of 
Buoh polynoQialn hae boon aad@ ^Tom titun to titD^ by a nuEiber of 
nath i^&iiticiaaB l^nat nor^ tly la rorpeot to polynaelrao la ooopiex 
piano. In rolation* hoivs^rt to polynomial^ in isoro @on@ral 
epacoSf this problon has »o fnr boon attor7ntc?d only by Jt^ f^oe 
[28 3 f Harden [ 13 3 «»»* 2ahe*^ r [ 22 3^^ tfaeic atteoq t^o to 
eoaQraliso a olanaical roBult dar? to Saegd Cl6, ^?, Thsoroo 3^ 
oottcorning a apooial I^f^ c^ o^  <:tonpoRlto polynoial-ilB, A wide 
covorago oa the topic of ooopopiito polynomials can bo on^ sa in 
i^-:^  
l i 
Hfiomen [10, 7p.i0«89| tm& Zsimit [20]* [22], [25]* «o iatroaiioa 
in thle ohaptor a aow OX&BB of conpoeits polsmonlnla ia an 
algoteraioally cloeod flold of ohnraptorletlo aero ana mtoAy in 
dotoiX oortain aspoots of the mroe of rm^ h poljnocslaXo* The 
aatJorlal in Ohaptero II • 17 Is due to appear la the Proo* Xioiid* 
Math, Soc. (of. [ 2 6 ] ) . 
goiHG into tta» -very rosults ooaDeming the t i t l e of this 
ohaptor, tie shall need certedn concepts ivhioh vm dlacu^a in 
this seotion* PYQB nov on, tbroaghout our WQTIE, K will 
denote an algotKraically closfsd field of cheraoterietic soro 
with Kp as a a^traal ordered subf ield of K and K ae tte 
sot of all noiiH«Bcativ' eleisente of K^ « «B ehall denote hy 
^J^(K) th9 olaee of »ill polynoedaln of derroe n frflB K to 
X and tgr 2(f) the eet of all seroe of a ciwn pQlynflDial f. 
a ^ 
^>»*^<^ i^^  (3*1). If f(8) • £ a,, s i s a polamonial 
in ^(K) • wo defiao tte derlTativt^ f• of f fft«»ia;^ ,i,Y ijgr 
f * (B) • S k a^ • • More fronerally, Hbs miogoseiwa deriiw>» 
JDlM 
tlSBS f ^^ ^ of f are foraally defiiiBd hy 
f (B) • ^ 3t 0(k,j)aj^»*"^ J • 0 ,1 ,2 . . . , 
(o) 
with the convention t lat f • f • 
FP«B tlis abow dofl iltloa, i t la obHottR that th© dorlvatlv* 
od? a cotBtaot poSjnoDlaX 1B lAoatl'^aUy aero, that f ^'' t 
f ^ . {%) far every J i a a»l that t^^ht) « 0 f « 
J > a. FroB thB deflaltlott of tho derlvatltD, m can easily 
T rlfy th9 foXlo«lag • 
fTTOgoJlUa (3.2). » « , t t^ .S ft Ki ^ « 'S^(K). SBA 
8 9 ^ ( g > ' thsn ths folloaAag hold t 
( i ) Off)' - «f* I 
(11 ) (f*«)« - r • 6' I 
(Ul ) (f.n)» • ^.g* • f«.C t 
ClT ) ^ f^»,.,«fj, c ^ polyamalals fraa K to St 
thga (V^  — -^ '-Jl 'l—Vl-VVl—V 
(• ) K P(«) • (^ 8 • 5) , thea F»(B) • iip(fl«-»^ ) i 
C^ ) M '3^  i s 3 8oro of ^ ?^ attltlpllolty at laaat 
p*1» ^15 f(^^('2f)«0 f«p 3 « 0 , 1 t . , . t P . 
Itt order fo- camLetmeGs a^il raferQaoe pitrpo9oe« a^o 
dloouaa the vpaXXK^ kaom oon^opt of tho polrv%.a«rl'mtlw of a 
polynonial which was init ial ly rimn by La^ ruerre [ 8 3 la MJS 
attesspt to fTQaarolisA the oalobrfited thooran (Im to Ibicaa 
[10, Th, (6,:>)], adoely 1 iay clrole 0 ai^oft onolftFiOfl all tt^ 
1 
i ta <^erivative f * (0)« Hdw there arises a aatorsl awietlon 
as to «hBtl»r thle thooar i^ holin al«o "^ or olmnst^al ^ t p » 
goasraliaoA) olrcmlar regions ^f. ^Rieorrn (?.7)» p. l l ) In 
^i»ral« Th© aarwRr la la tJio ner^ r^ tlTO as seen ^or tl» poljr* 
iKxalal f<«) • a'-a. aaa tl» oiroolar reejlon o • ( t i l s l i, ^ J-
9Bfaeter« La^urro [lOt Xheoroa Cl5«2)3 (rosp* aorvoe [pd, 
p,36G[] ond SJnhaer 0?lf p»1*'l]} {^vs "ttio aartusp In the afflsv 
jsatlvo for oXannlcaX (^ap* f^ en^rallaMl) oirouloir rf»glo«D by 
repIoDlng f• (s) l»y a new type of dorlvatlf??, tho fl©-<?allQd 
poIeee^erlvatlfQ QOf p.44l« 
^ffibl^i^lll (3.3)* aivsn a polyaaislal f <| "^(K) anA 
an ei«BBat <<> ^, wr? clefiae p^a, p,360] (J>f, alrjo (?1tP»1^l]) 
'^^ "»l9ff^*<^i^ti •-/• f^  ( C ys) of f (e) ^ la t lTo to 1^0 
Fur«jer, If < , • • • • , <^ ft K (k X n), w> f!nflno « » eiKJOOoai^ a 
Wte-teJ^Tftt4f?l f]t(<if*t<^^»B) sf^Cs) of f(s) Hf 
tin) m (n»]iM>1 )f^^ (8)>( *^jf«)f^i (8)f 0 ^ k i a, 
with f^ Ca) js f<B)» Th» eleiaenta <t^ » ^ p , . , . , ^j^ (aalled 
jlSilgJl) oa^ |{3 &(iual or unequal* If ^^  « .•• « ^^ " ^ (Bay), 
ii« ehnll v5c-ito f ^ ( ^ , , . . , < # a) elaply ai ^vC^t «>• 
1. 
Siiio« f^(<f«)/< -^ f'(a) so <: -• % xae HDUO© that 
tha polar-dorlfatlw boooraos ths ordinary dorlvatlvt? wlisa th« 
pole i0 teSsBn &% iitf talty* 
MlTHllliffl ^ -^^ -^ 20t C (atk) » ntAt <»»le)l for 
k « 0,1*2«*..*a* If f(a) • £ C(a«lc) A^  s and g{m) » 
a i»^ * 
£ C(atk) B^ B^ aro two polyaonlala ia ^(K)« ne nay 0^» 




5hlB ooneepft le too «roXl^ ki»Mia la the earo t ^ a K « C * 
It Is kaova [10« p*60] that thoro osd^t Infloltoly nony pol]^ 
nonial3 (fron (C -• (C ^ #iloh asti apolar to a rlvoa polyaoolal* 
n«e{rd CP^» f 9» '^ ^ "tOf "s^® alo* D*^ » P»^fl) ^" ri^n a nothod 
for oonatraotlac; euoh polyaonlalt? • ^ r l ^ a eindlnr eoaBtruetloa 
for polynoBlale ia t^(K) (of* Propooltloa (^.S)}. 
ditct of our stuc^la thlR ohaptort WD me that Th« (4«6) alne 
porvt^ a ar a aoaofv of oonstrtiotlag apolar polyBocilalo la 
CoaDoralas the aorof? of apolar polynoialalst vje r>tate the 
follOKlaf^  rooult due to Sonroa [28t p«5653 (pf« alno (21» Ooro» 
Uary (4.3)» p«128lt ^ t P« lOe]). 
1 . 
oXanslcal clroular rcjf^ oa of (T^, Thearm {3*5) Is a fuaaaoental 
x«mat duo to Ormti [ 3 ] (cf. also Hordoii QlO, Theorom (15,3)]). 
The followiag propoeltlon offers a steplo B©thod for 
oonstrootlagr polyaonlalo opolnr to a {^ Iton polyzioBial* 
a g 
yrmiaflitlan (?>6). If f^to solyaoptial f (B) • £ \ | ** 
than thft ralTnfIHlifli!i 
JUt f(a)f i s a s l M / ^ o ^ ^ * 
Proof. Srivial* 
4« J^MB iHMte rg '^^ llB Oa imlfUMgQBBftffttg WiTaflltftlff* Though 
«o hftto oilrooay oseiiroaeod in tho tegUming of thic ch^tor as to 
nhat 110 ttaderstand ia ^Qmrel by the tens *oaBpoaite»polynoiaieil8*, 
aowrtheloeo ttm longna^ tsoA torfstaology aoed further escpXaaa'* 
tioBS ia their «lder oontext, momAUm to %irdoa [10« pp« 60*88], 
onaaftai'te TtftlTTOTlill ttSS, XlSSOSSL JKl icIiEl aSSSL SfitiLSJl JSE& d?y^ i>od i^ 
SSiJaSOBAsSiSL* **3 '<*^ •coopooitioa* uei»d hoit5 ehmild not be 
oQBftisod with ^Sxi ttffiua oampooltion foi; of functions, but It 
1J 
shflHOd te y%»mA aa a 'rolg* tuliloh pro^crl^fi t!k^  rolsn that 
tl» ^^rm pelyaBolalfs are to play whilo ooaetructlii? a petr* 
tlool/ir Yarlety of ooapooito polynonials* Tbe ruleo ^Aethar 
f asaulatad sxpUolttar or inplloltls^ any tben %o do«!»<l as 
*^ *^  i^^ o^ttp If^q of <!oritlHR dlfforeat fnrietioa of oanpoelto 
ptH^raomirilB* Xa Qme of tlvs oon j^c i^te poSjsioislaXet dlsci^oed 
la Chaptor XT of Mordon C 10 3 § ^^ rolea haprsoa to bo oxpll-
oltly fosrsRiloted i Fen* e^ ccaspX^ t iA Theoreae (I6tl) ^^oA (1$t2) 
the ooo^fleieatB of tiie coB t^oeite poXjFaaaiialn nre eet^icltXy 
pro0erll>Qrd In t©rao of tim ooof^loloato (and or) •cdU'?o of tha 
glToa pdUmoolaXof la thaareaw (ITtD * (l7f3o) th® ooi^ poalto 
poXjraomiale nr^  talon aa lliiot^ ooolbinatloaa of tJae g l^a po» 
lyvDBlala «lill<: in Tboorens (1d«i) « (13»3) tlry «;«« axplloitXy 
g l^n in toma of ttan i^ ivan pQllya£adja.(8) nn! tlelr derlvi<itivi98« 
Lst ua nota that tfaa darirati'r^a o-^  the prodaot or ^uotleat of 
poXj^ Booiale also coao ia the perrlew of oaapo&it9 poX:^ nQela20 
(^tm ttardaa [lOf p|^.a9»10e]^. 7ittaXXjr» t9S also cite f^om eacaraplaa 
Of ooBpoelta ptfXjraanlala for tHiiOh tha rtilf^ a happen to be Ispli-
o l t l j forflttlatod (for datalls eom Chapter V10« Tha^ i^ro tha 
stieltjos am Tan TLoolc polynaolalc (Jo, pp.JTj whloh me aoflned 
aa poXsraosBlal eolutioaa of ^nsraliseKl &«»''dlfferoatlal oquatlona, 
«i»raia tha glToa pol^ moisialo do ooour la aom capacity. Coasa* 
(fttaatXy* Lageadre and Jivsobl polynfliil?il8« which nro npccial 
oiwsoa of Stialt^a polynoraialBy aiy also be regarded as exaisplee 
of oooponita polTaoBiale, 
Xa thla aaotioa aa introSuoe a iksw varioty of eoBpoolto 
polyaoBilalB Hi ^J^^^ ^ taking Uiwar ooBblsiation of a 
polyaoQlal and Its polar-4erivatlvoB oal obtain nam toportant 
rooults i»od©d ia the sjttiay of the aoroo of mwh polTnooiolo 
la the aaxt AootKm. 
Pl^ti^tiflw (4,1)« Olvott t g ^ ( K ) t <(! S az^  an 
eloaeat u • ^ ^ t l ^ f . f l ^ 9 K^^ (ip ^ 0, 1 £ p i »)# we 
define 
P 
(4.2) F^(») » V W c (n,k) a^ 8**^, 
uaA call Xu^ t^ C • •) aa a pelar-Qffffii^ gite fffftYJ^il of ft 
r^(»oolated ^ th the olaoent ttt and F^Cs) ai? tiie oorreepoa* 
ding gSStiLUttSL tftlTHflitiil' 
Bofore w eatablloh naae necessary le!!2n!5an, UD rli» the 
following 
(k^ 1). » d^ia. t i . atemrtfgT Bumtrtn imlTimtiin s^,,(,). 
aeeoelated with C^t ^ ^t.^.f C^» to he th» mm of all prodncte 
«f eleasato ( <^ --«)t ( C^ r^ B}9...«( C • «) teJeen j at a 
k 
t i m f j •> if2t«**»k* 
(4.3). ffoop oonvonleaoe, tve dofiao S^*(«) s 1 
J 
for i • 0 ottl S ^ J C B ) « 0 f a r | < 0 « 3 > 1 c « 
£& £B£Z ialSUSa^  ItjiffiCft ^le^1«^ MBSL V I » J ^ ' ^ ^ ^ ^ 
•laaaiitigv awmBtrio tiolwuMlffil npaQQiiitea Atai ^^» ^^ » 
til vl0w of Reiaark (i.?) the rofsiXt trivially 
holds for J i O or j > k * 1 . For i • 1»2,•••»!€, It fonowe 
fron tihs dofialtloa of olsat^stary ssmmo^io pol^ i^Kxainlis anS 
noaarlt (4«3) that S^j^») ^'^ P^ oleoly the f^ aa of al l thope 
tonan appeoirlag in th© oicpr^ o^sloa -^ or B^^ An) #iloh do not 
hoTO ^^Jcfl*^^ ®° * factor naA that ( j^^ ^" )^Sjg 4»^(») i« 
tha aura of those tome la Sj^^ An) ahloh do hsim (**w^-«) 
or a factor. 9tat (i) of lonraa le thim oetftbllnhod. 
(11) The rtsDolt la obriouG -^ ar 3 ^ 1 or j > k. For 
othar vtiluos of j« the proof runs as foUowe i 
FOP each value of j • 2,39*««fkf let »(j) denot© 
t ^ olao9 of all 3uboct8 ^l |9«.«fij J oontainlag j 
oloaonts of the set [l,?t#,»»k j , If wa eet 
" ^ 1 i«i»Mi ' ^ 
for owry [ l ^ f . ^ t l j ] ft ii<3)t we obf^ erv© that 
where {*!i*»«««^j? "i^1»'*'»*4? "^'^ ' ' 3 ' " ^ * ^^ i*^"® •* 
oaa «rlto (of, Deflaltioa {4«'^ )) 
^1^" - 5«"^ »^i S'* 
tls9 suenatlon E raafriaT o-jer lOl eloiannto f l^t,.,,!*?** 
TTC^ ), Propoeitiott (3,^) Ij^liae that 
(4.4) 5i) g'^ -<''*i V 
In flew «f <4-3) oeoh tena vi^ (< j^^  f « t C|^  ) <« **» '•i^ ih* 
hai^ aid© of ^xs oqa?itioa <4«4) oan be uitlriu@ly wrltton as 
(•.5) ^ ( ^ l ^ ' - — ^ i ^ - ^ ( ^ q ^ ^ — ^ q ^ , ) ' 
*her« fqi»«-»» «l4»i] e '«(3-'*^ Buoh that 
Coavorael^ rt to oaoh elfoeat Iqi»»»*fl4»t ?t * 0 * 0 ^^ ^^ ^ 
ere onscxiiate'l ^ a '^ qufttlon (••6j)|iroolBeXy (Wj^l^ el<?neate 
suoh ^laty lor omh of tbono elxnaents la icCj)* t ;oro exlato 
oao aaA only ooa lotortar B (datorRlnsd Iqr thD coiaAltloa 
Ijj 1^  Qi»*»»»^j»l) -or ;fhloh cqifeitloo (4.5) 'KOXVIB »^bTlouoly 
fOEf oloatzttg [ l ^ f . t l j j l n %{i) vMcth. do not nntlrfy oqu©-
tloii (4*6)» tbarr; is no late.Tor a for wilch (4.S) cna evnr 
bold), Consonuontlj, e^uatlM (4«4} laq^lioe h^nt 
muB throtK^ all eleot^nte 
I'i 
Ttiat i@» 
(4,5). H ' « ^<X) ^a^ <^»-.t<^«K 
It 4^^  
mss. v^.4C»> i m nw^ftlfgi aaBalsto TmlTWtftl" nrfftgiaW 
;, For oon-waloaDOf l e t ur? define n! « 0 for n < 0 
80li 0(xi»k} » 0 for k < 0 oar ] | > t t , tfr pro^ (4«7) tjy 
aat!k?m^icia iaduotiOBU In tti3 UrM of leflJiltloo of ( f lret) 
polar^erlvritlt© ^f, IQeflsltion (3*5))t (4»7) obvlouoly holds 
for k • !• AosiMlir that (4«7) holds ''or engy k (^ ii«l), m 
proiW thait It b^ oli'.e alno for k>1 • If Aj^  do i^oten %}$* ozpre* 
8«ioii on the rhiht hand side of tho oqiiatlosi (4.7) aad i f 
/^(k.3) • (te-^)| C(i>.3, k - D , 
for overy J « 0«1»«..tk aal 
2o 
k^l [ (3) (a.lt)/^<lK»|).3,^t,j(«)«f (B> • ^ • 1 ,1K+1 ( s ) . f (>) 
(4.8) • tl • • (B«y), 
( k * l ) , , 
Kw» :&eaaii (4.4) ( i ) implian that 
K ^ (3) 
VoiiK^ laittotiMi Iqrpot)]0fli0 end n&msai^ (4«3)t w> ^ t 
k (J) 
9 m (».li).f^(«)*(»*1i).( <u^,-«)^ Z / ' < * * 3 ) \ , ^ 1 («).:? <«) 
C4-9) . (^H) j^ ( , ) ^ (j^k) ( <^^-«) . » (oay), 
VDOXO 
'"T- (1) 
W . g / ^ ( l t . J ) S ^ ^ , (« ) . f (B). 
V . ( < : j ^ , • « ) . s^^j^(a)f (a ) , 
•quatiftts (4*8) and (4«9) give 
o *J 





>(h. f_ (f^ (k,hl)-Ck~ l^);A(k,3)js^ .^_ (^z) f-t^) (k+1) 
8i!l0« 
frcn oqiaatloiiB (4#9) * (4»11)f wo ooaclwl« that 
^ » (».lt)f^(a)*( ^fc^^-8)«4^«) 
Ssaod (4«7) holdo for k^ 'l an! vro arc doi». 
7h« f^lkomiaa thoorofi vu^ bo U90d m a aoazis for oono-
tmotlag QpoXaer poljaoiaialo a»l i t playrs a contral role in HhB 
2B*dof of oar aala ^looroa (p% t2» aaxt eootlon) eonooming the 
aoroo of poXar-ooBtpOBlte i^lyrMmlale, 
(4«6), JiBi ^(^) • ^^ £fl£S££Z "^  A K aafl let 
^^ *^ £ t 3^  ll^ A XSSI jail JItt pelar~Qoiaqo9lta rwimmwi^ i 
3(8) • ^ W i^'^Tf^) 
ggottf* fhrcoi^ioitt tlio ijroof «Q folloir Hie ooinmatiaii 
that ttt « 0 for n < 0 mn o(it»k) « 0 for k < 0 or k > n. 
Toniag <^c: <^^ tt • . , • <9|^  at <? la oqtiatlon (4»7) of XioaDa 
(4«5)» ne have froo (4.1) 
!„(-) * I (j) 
(4.12) 
wbor9 
If f(«) * ^ «Si«^» «»a 
U) ^ , »»| 
o,i»...«p. 
»-3 3r cfefJ) % « . 
2o 
Thfcm (4*12)« m tbereforo olbtaia 
a r P 
a 
/ • ^ 5 
s^*^  Ao • % " ^ u^^^ "^  ^ * aanao, ^  Proponltlaa (3.6)» the 
polyaoBlal 
O^Ca) • ^ ^-^5 0(atn)/^a « 
ie apolaor to f(8)« 2lo«« wo ooDputo O^ Cs) in t!i@ do^red font 
as fo21o«B t 
<»i<«) - H M) c(m«)» X jtcCn.3):^ j(^ *3f) ^ 
P jf a MB i».a Mil 
- I I ^.(^-^) Z . (-1) c(iMi)<jf)c(a,i)9' s 




2 - jfo(ii,j)X«-^) 21 C(».J,».i)9' (-8) 
] 
a-J 
sotetltatiiis tbB valuo of Aj frm (4*l3)f ^ get 
J:' 1 11 
a=o 
t : Ck-i)!C(n^,k-a)dck,j)l 
(4^ 14) 
k 
\ J .... 
L3=o 
ti-j 
f a r 4"^  • • . • •» ^ V • ^ • ^ afl* 
Biaoa P^^^t) m Jl 0(a,3)t**^ for evory t %Z^ Lenoa C*,?) 
lopUoe that 
(4.15) V «-2^,^) = i;(k-j)lO(ti-j,k-j)C(k4)(<^-2-tf<Oi)CC*i,D)t 
*• 3=0 
for evsry t 9 S« CoopequditCljrt 
<»t<«> • H 1^ P^(^-8,2f- • ) - Q(a) 
O <J 
9. grig<Mi af golias,eflBriftai1ai nfttiBlinlnlPt. Our ala. i a 
thif3 eeotioiit in to etody tho ooBq^ orati^ ^ looatloa of thD 
seroA of a ni^ mi polXynaaieJi f 9 ^(K) oar! itn polnr-ooo-
pof^ lto polyoocdalo. Boforo no -Iws oar taaln s^e^lt and Ite 
vtsriouQ iiaportimt; o^nocqueiKMSQy mt mtinkhlinh, tbo foUondag 
propofitloa urhlch toljte us about oiae trivial acroo of 
pganoaltlflfli (5>1). a;iv]aa f^ ^(lC)t C^ (} K jSl)^  JB 
fiJIfflSSi tt • (1^.1^ Ip) 0 K^^ (ip p^  Ot 1 i p £ a ) , 2^ 
L^(B} ^a^ \ C > ) f^fff t ^ y!i^Tnfr!f'^l\f t^g^tefi!! I T ^ -^^ ^ Art 
Jaaitf-(i)5f^ciag C^  « . . . . <:^  • «^  la Lerm (••S), n* 
fv(<^f«) - 21 (l>*3)IO(»-j,l».J)c(!e,3)«'-n) f (s ) , 
^ - * 
k M 1i?t«».ta« 7hle equation snd equntioa (4»1)» ^at s « ^ « 
Inply that 
3^ 
\«) - ^ (kt)c(imc)x^ f(<') 
mt(<).f^{%). 
The proof i s now ovidoixt* 
(11) since 
V»>-£.^ ^ (l».J)lc(».J,te.j)o(k,J)(<-«) f (a) 
If?^ is a aoro of f of Bnltlpllclty at Xoaat |H-1 t^hm 
f ^^ (^ 2^ ) « 0 for j ai 0«1f*»P anA no aire done* 
For ooatenlenco throughout our future dilsouaaloay «a 
Bhall Btlokf unldsa asatloiied othorwlne* to the follofldag 
notations and oonvBatloaa t 
0 4 q i ») B*»«ll '^ «^»o*« **» dlBtlaot wjroa of 
the anxUlory polynoolal 7^(s) daflnsd tgr <4«2)« aiven <" e K« 
m oorrepfond to aaoh fij 9 Z<9^ ) the transfonaatloA Tj of 
(f.1) 1^ (8) . ( l - p p « * ^ j ^ yanK^. l i L J i q . 
Slnoo every heoosraphlo traneforaactlQn pexcmtea tho claoe D(X^) 
(of. Thooreai (?.6)), for ofory A 9 ^JOK^) HO o^eerve ^lat 
« (^A) «D(K^) i f fl^ n^ n 
f^U) - l^jnMK^) if 0j • 1. 
(5*?.) i^«*!?jCA) 3 » 1*^%*-.*|» 
than Aj «| '^ 06^ 43^  ^^f ^'^^y ^ «? sCi^ co '^ 
Hiwr wi ftmte n»! pro^ our sain result, 
SUflyBBSm ^^•^)* ililS^ ' O '^(S) t ^l§ S a^d aft eloaaat 
>1 
JScaail* ^ ^ 9 Z(Z }^« Ti»oro8i (4.6) ij^Uoe «iat f(a) 
io -ipelaar to the polTaaraial 
36 
p 
nhBre P(t) « t* for erory t « K. Putting t « '9'HB in 
(4«15)f m hem 
Pjj$*Hi,9fHi) • £ l JI(W)IC(!i.|,l>-4)C<Jc»3)G(af4>(^-3') <^-^) 
Oo!toe<|iieiitly« 
Slnr^ Z(f) ^ A and f X 0, Th^ oxoct (5«9) of ^rvoe Inpllde 
the BKiBtorme of an elois^it m p h aa^h ttvit s(^) « 0« In oi\ne 
^^ -"^ ''•"•CfTJ^ - "• 
Sliat le» ?^  • a 4-(<*^)p fee; ocos (j ^ 55(^ )^• iJoc^wr» in cii!« 
that 'im rt (ThiB followR STsAi tim I»y2><>tii0tx50 oa 1^ saS ^ ) • 
3 i 
That iBf '3'« « •<<t««)fS for aay choice of ©lefiont f) pi Z<y^ )« 
In ftl^or cuiee, ^ is cut ths denlro* f sns» 
Saztf «e irow the ITOOOIIA part of our thDoras* If 
7 t *(l^)f the first pa^t of thie thdorcia (jupt proved) 
inplles the «B!d8toac« of ©lementn i «> A naft 84 « ^^ ^^ ^ '"'*'^  
that (cf. <5*1)) ?*• Tj(a) 9 f j U ) , From CS.r), 7'f A^  for 
||0Bg2^, Za order that 3^0 aboie thoon^ nsa^ ! i t s corolla* 
rlop sliould Slot 1» irajDuoflly tnje anfl In order to OT»ltil« 
uaiitterostlag cadres9 nc asmsae thnt the poljmflolal& uacter 
lavs tl<:jatioo la 9Sr roaaltp «re 'WH-ooortnut, 
Ac an Itaportaat ocuu^ oquenoo of th& f^vo tbiQoromf \m 
SlTW tl¥3 follo«d?io: r<98Uit on the sorocs of ef* oeouive polrir-
d«tri:viat.itii3« ?^hl« romilt for first polfB?-dorlir»»t.lw^ Is due to 
Zervt» {?8« Corcllory (4*2), p«7€D) iiind for K • (T t It If! aa 
If^ provBd vsraloa of a i»ll*lo»«a thaores dua to Im^mme [ S ] 
(of. also [lOf fhooreo 05t^)3)« 
Oflgatiaa^ (5,5)^ aah»»«fi' C'^ t Oorollitry {5,4)> p.ir'l]), M 
f f ^ C K ) OEA A(|15(K^) ^asiilUai Z(f)SA. Jt«M»--<^k 
(k j^ x»»1) ^BSSL tiliBfaPi^ l;,^  Aa ^A* than JS;^ go-^ t^y^ . j2£ a ^ JtSlflC-
fi^yJiTfliUTg f^ ( ^'^••••f Cj(>8)t !e » 1»2«.«*ti«»1f Ho la A. 
|2jg3j ,^ l?clBs tho notj^ tloa?' of i^^ orois (5..^), If -m pat 
3 J 
tt m (0,1) *» oae (cf, (••1) isikl <4,?)) that 
\ ( « ) s ^Cf| ^ t s ) • t^i ^^fS), 
P (a) <» an** 
and thftt (j « 1 .-»« A^  « A (of. (5.1) naa (5«?)}. nino© 
and t m i our ansortion to pro9o<x for k • 1, low thf»t ?(f^)eA 
t^ *^g rf A» anothar isJsllar ©ppllo?>tl08i of Txuz-anm i5»P) proves 
aor sui^rtioil for it « ^» Rer«ated s|»pllc«tl<»Jics Otf Tbfim^n (5«?)/ 
ill this assKiOT, t^tabliah oar clat^ i^ft om oorollnry 1B proved, 
iHB an appUoation of oar main thooross, x^t p^  OTO yet ano» 
tliiair re salt» 
<^«) • fc %''^  • ®^ "^  " ^ ^ ** (s(i)i^o) ia 
n 
his) m y (».li)1 \^tj^i<t^). 
^ • a • (^« a)^  
3.^  
Pugthflraore. Z(ll)C (J A ,^ J^SSSi A^  » j^<A) ^ j JeHM 
£ i S a JlS[ (5*1) J U ^ 0^t.*««tB as Aiatiact mroo of gCs)). 
.^ In the notatioofj of Thoorea (5«2)^if vie tote 
1^ • (»* ) ! bj^^t W8 sen that I^ ^CB) « h(B)t 
P^(a) - cm) Z] \ ^ B** « (at)?!(!!) 
ani Ijj • (at) b^^ ©• Our corollary Is now tisaollate frco 
Thooreo (S*2)« 
ggigjSlg. Xn fh^ OBrea (5»?) ancl Corollary (5 •4)^ If A i s 
the opoa (reap, oiooed) ball with centre a nn^ rafllus r, thoa 
Aj Is a(iala an opea ^ s p . closed) ball with <^ ea*:ye 
a 4 » a + ( ^ - a ) 0 4 oaa rallus r4 » r |1 - p^j, j « 1,r',,,,,q. 
The follovilag corollary i s cm iaaodlate coaneffueaoo of 
Th0or«D (5*S)« 
SfiSSllaEZ (5.5). iJULSSfi <t ^ 9 X (>^ i< 0, 1 / ^ sgl 
3. 
A* iSl Jlfi. iT??l*¥'fli'^ ii1i'n cA?^ l^?^ rofflqf^  S^ K^ isSl M talcing 
fCs) « a • (<««)a5\ • B |> K^ . 
[• In th9 aotationn of (Tb^ oxiaB (5«?)^lf ^ pfnt 
u « (If "•^)t we noo ^f. (4.1) and U.?)) tJL^ t 
F^(a) • B^'^CB - a A)» with F^(1) i4 0. 
So that |3^  « 0* pg * ^^7'^'* f*^"^  * ^ ®*ly H tlact s-roo of 
P^(a) arm honce A^  « A fiacl it, «• A» (cf. (5«1) aafl (5.^)). 
Bow TbsoTom (5.?) lT?iao?U?itoly ertablUihee our corollary. 
neamfk. If A la the opoa 0^£tp. olofiod) ball "^th 
oeatre n. ^BA radlufi r» «9 not© that A« le the opea ^ s p . 
olo«?oa) ball with ositi^ a* « n • (^- Q)a5\ anfl rr»!luo 
r« • r , | l* a : \ | . 
iport traa the ^pllc-'tiais (UncuosGc! la the peponoat 
ohQptor» Thooragi (5«?) playe a coatral rolo la thn dcmloprnertb 
of Chapter I l l t «hllo la Chapter IV i t aloo offf»rR later^Rtlag 
i^^oootrlcol patt( ras for tho lo r-.tloB of the noron of poln3>» 
cooponlto poljnoialalr!* 
poLiR-flCMPosrrg M^mmaxm m Twm eg -omifMSirm 
Za this ohag^ tor ^m iatroduoo ttie olaos of oaepo^slto 
polyaoalaSlB l^Ca) derlirsd fsroa a gkvnn poXsmaBlol and Ita 
fomoS. <J0rlvatlV5« ia an al^otsraloally oioood fiold K of 
ohaaraptarlotic aero and la^otlftata the location of the 
99roa of sQOh poIjnKxalalo • A oooparativa atudy of the olaes 
of pOlTBoaialn 1\|(8) (ptudiod in Ghapttsv IZ^ aad the olase 
of pol^ mandala l^ C^a) (that us introdooo horo) a l l l 0ho«v 
tiiat the t«R> olaaaoo ara oaaeatiaXljr the armia and differ ^ily 
in f09R9« It oajr* howevert bo noted that our rosolta (estab-* 
iiahod ia Ohapter i f) oonoeming the polyaoaial^ \^^^ ^°^ 
not dirootly appXioablo to thB poljraoniala SyCa), uaieso 
the latter oaoo are exproaoed in t3ie form of the fenaor oaea. 
It i s , thoroforot deairn':*!© to hnm oorreaposxiiaG roaulta 
ahioh are re(«lilj aiiplicnbls to the polsmooials L^(B)« TO 
thia effeotf we now pfrooeod to aake a oanx>arati¥e atudy of 
the pol^ rncniala Z^ C*) ^^ \in) al<»g with their 
tif© anxilisry polj^siaiale \(^) aa^ P^(») ia the acart 
aeotiim* 
«^ A gtaaffflttfff fftftilT' ^ ^rXn with this foUowiag i 
M i a m a a (fi.D- <»lt«ii <f« K. f « ^ ( K ) , anS aa 
oleneat rm i \ . 5\^... . , !;ip) ^ K^**^  ( \ J* Q» 1 1 P i »)# 
3c u 
3. 
P 4 ( 4 ) 
(6.1) l^(«) e i^iti<,M)m ^ :^j(<^-^) f («)• 
Ltt 08 d9not9 ^ y^  «h0 asp|>i]|g w'lloh sjofyle evt»ry 
(€.5) j{ • X l <i»*|)IC(a-3tl»^J)0(k,j)l^ j «0 ,1 . . . . tP t 
«ii0r«lii ^f• d«r oorllor ooav©afclfla that At « 0 for a < 0 
aaA C (M$k) » 0 for k < 0 or k > it) tho ooeffioiento 
(1»»J)I 0 ( » . i , li.J) 0(k.3) • >"j|g (say) 
taks Hw vsOiiB 0 or 1 ftocordiir as j > k «9* J a k . Sinoe 
the ooeffioiont mttrix C yu.j lo nonHsinrTuX^ sTt ^ I s ol0^1y 
a onB'*qao aappiiif' fscw K^^ onto itneif. OoiMsoquentlyt for 
any g i^a f, 4" and pt tho laappiar; V^iaAvkoen a ono-oo* OOSTOB^  
^oadcioa ^ betfiiien tha poSynoiaiale X^  te3& thB pfdynocdias 
Xy «ia a one-iOfle oorreoijoaaoaoa 9^  batwooa t|» poX3niot!tlali3 
P^ aaA tlis polyiioiaials ?^* dafia^d tiy 
(6.4) y?(V - J-^jB,' '^O'u) • ';^(„) I'" « '"^ ^ • 
Th&% iSf 1^ and Zy ^epeot lwly F^ and P^ owrroapoaa 
ttiiaer tli0 aapplne V' ^ s p . ^ If and oiOy If u oadi T 
oor i^spozid va&t^ th« oapplag V" defined via tl» e^ tu t^lonei (6.3) 
Xf )^ («} « Tf «o sae that tlie fdllowlii^ reXatioiiB hold t 
<6.5) ^ - \ 
(«.«> F^(«) • (1-^) .F^ ^ • — j , 8 ^ 1 . 
Xa foot* i f tt «• (l^*l^*«.«fip and • • C \ * ^l»«»-t \ ) t 
til» oaaet^tts ^j and 1^ eatinfy tho aquations (6*3) and^  
haaoat tha rolatien (6«9) folloiva innadiately tv<m aftuationa 
(4*1S) and (4*15)* Ao for (6»6), HQ obaarva that 
ZI o(k»5) • (Its) a i y k « ©•n. , . , .^ 
and that (of. U.Z)) 
F ^ ( B ) - ^ W 0(tt ,k) . l , j • 
JL * * r x ^ li»J i l 
^ '^'^  • Umin^iU (t-a)<2l C^J)lc<a-3,^J)c(lc.j)lk 
4. 
Mm, m }mm (of. (6«3)) that 
stac© (of. (6^)) 
(1-8) • H (3t)c(a,3) ( — ) \ f « ^ l 
P |W4 
F*,8)« I I (Jf) C(il,3) » ^jf 
«• haio 
'; (i)-F^(»)« ( i - « A F ; f - ^ )t • j ' l ^ 
16 hiiiro, t!!»r«fore, ootabllsl»d tlx) foIXe«lQg i 
JJBOI Utt JESlaliOS. C^*?), ($*5) ai^ (6«€) ho34. 
Since y* l0 aiK»«oae and onto, the ctmstaa^ 1^ 
(mppe^im In 9q^%iom (6,5)) o^a h& ualf|ti0ly aoXimd la terns 
of ^10 0Qiint«ot« !A.« Xa niiat foIloiiB, w sliall e»^aiil ^» 
4.-. 
lapcrttfit rol0 in our fttture dlfloiuisioai tA fmoi%f the «(;iaatl0a 
As for l^t ne psreo«9d QS foHftsa i 
Italtiflyii^ •<|tiaU«a (6»3} ^ )^i» ooastcaits 
I 
T; • M ) ( j i) c(jM i) 
aaa a^ ldia^  tlieot e t^ti^ ti«ao for j « Ot1*#«*fPf «^  &^ 
(6.10) - ^ [ £ ^^  '^ J^ ^ * 
«!»» /^||^» (l»»|}tO(]|»|,li.))0(k,|). »lt 
» <«) C(!i, k) [l • (-1)1 
m 0 
4-. 
fue k « 1,2,,..,p« Froia tlxtn sal tljs fapt tlaeit tliD coofflcl^nt 
of XQ la (6.10) 18 utaty« 9S cosielVkl« firaa (6»10) thnt 
<«.11) ift - H (-1) (JI)C(mJ>^j. 
!Ste ibbovd Al-^r^umioa aaA Psrop^ l^tioa (6*?) can now te 
StmnBd up OB f OlXOVB I 
stfiirtl*5 with any triple (•# 2y# ''p fos* a gtv^a f, C 
lad pt «o fset via t2*9 aap-dn^s )^t V"** 9^  (d.«?fla d tjy (6.5) 
aaa (64)) t a ualj^ ae trtpl© ^ , 2^ # ? ^ mtir-fstm tl» r<»l«r> 
tlaw (6.3)t (^•5)t (6.6), (6.9) and (6»11). OoaE (^|ae«tly» 
l y ottf t Ii9 (itt ^9w Of (6»5) - (6,5)^ a aero of tl» polToanlal 
X^ t #y»«9 T • V'di)* If no* p 9 ZC?^ )f tlr> 3r9latloti (6«6) 
thenlnj^oe that oiti«y S • 1 nr- f! • {}*/^ *fl*' fmr fsaao aoro 
fi* of ?^ ot&sr ttum. •^ I (tlto l»90 otuNis h9im mxtmUy 
II » (l^tl^t*. . , ip» tha r«latlon0 C6.3)« (6«9) anA ( i .11) , 
(1 ) \ - V^ -^^  
(U ) Ip - \ 9* Of 
( lU) X^  • Zl (-1) (3l)G(a,3)A^ - (-1)*P*(-1). 
4'i 
m ilialX ttMMi t!ie t9iil99Sm ]iotatl<»i0 for our th8or«B 
dliitlaPt ««ros of ?* >ther tliaa -1 (if thwr* are anjr). 
U M f J «f K^ d«f laad l&ar 
Siaoo 7t Is a Inno^aphlc tri^Mifonsatioiif m eoirlod* twam 
fheocTM (2,6) (of. aiiaptar l) that fJCA) H 2J0C^) for ewry 
A t DOC^>. Xf 1* now set 
I c > 7 for I « 0 
*J f.CA) for J • tff?f*f(|» 
thMI Aj t iKl^) for ovMfy A 9 ^^*to^ **** ^^ «t»py 
7* yjull ''tfflillBi ^ n^ *>0v ia a p^eitioii to rt'W 
^ e anal^iit of ^hBGtrnn (5«^) for tte polyaocilalB 1^* ^ 
cta-tc i': vytthCBrt proof# tlie p-oof boiag olapXe la «ie Uslit 
^ tho dlsoitsalon la ths last sootion vdth fteorea i$*P) 
ana fropoaltiott ($*1)(i} (WgordJUsg tho triirlal ooroa of 
I^( ^)) lB»pt la now. 
4: 
(7.1). mxm 141 ^ ( x ) ,<nz Aa&jft 
ISi Sy(s) i0i& 7*(8} bi tiff p o l M ^ ^ ^ i^iMid ter (i ,1) 
jaA C^.^)'S]tBB88iJ2Ml A<isCx^> JUfibJiat z(^) ^ A« 
MSXSL '^ SC ^ i^ of thB fiyi| 
'l*??fr?** CTBJM^Itt^'^ P^ (€t15). 
• fiSMtitt* *> nakis tSM foXlovliig rooairte ooaoorniiig thi 
tAcm thiozvM. 
X. IXtt to t|]0 reasws nootloaid la tin r«!9«rk tvUlmiiM 
ftmvnm (i«2)» m mamtm that Xi^ <s) |4 oooBtaiit* 
IX« Xn tba Ofnia irinta »i in ^M oaHj wive of f^ oar 
thBOcoB liolAs rttmomly duo to tbt fast i^^ t^ 
i^U) « 9y^f (<)^0^ 
00 StlOOB IWlOV. 
4o 
Wo Tmem ^liioe ^^6) that P^ Ca) io a pfd^monial 
of tegroe a« Since «1 is tbe otfly st^o of F^ wo see 
tliat P^(s) oast bo of tho foon 
for 8000 nmmore eletaeat /^^ X* CoBrpaririG: this ^ th tl» 
oxprenslott for F (B) in ((•?)^\ie easily c(»]p3^o that 
J o /(3J) A 




From tho OKprenoioii for I« (^a) ia ($,1)# \»Q thorofere oibtalA 
(txlth the abo^ v^uoo of 9\^ 
a 4 
3«o Z (|t)c(a.3)v 
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Xa oardor ^kst M^ liypotberea ia Thaorea (7*1) shiould hold, ^ 
ssiBt lie outald© A (since \/> 0 onl f *(«1) « (^ • 
an desired, 
i n * If A l0 aa opea (resp. cii»?ed) ball with r^ eatare 
a <»] r ,*l« r. ttea AJ IS *ialn « opea ('^op. closed) 
ball «lth neatre 
aj - (a* <:pj)/(l •^J) 
aad radiaa 
XT* Our Garollory (9*9) (of. Chapter ix) oaa be derived 
also tton the abovo theoron b7 takiag 9 •• 1 • ^ Q " a aad 
4o. 
^^ • 1 (of. Ranark (X) folloisrliK: Corollary (7.3J)« 
As an liraodlato conooquonoc of Thdoren! (7«1)t i>» stato 
ths following reswlte Qorr<3«pon&im to CoroHjurles ( 5 4 ) and 
(5 ,5) . 
Z^  a- « t g(«) • 21 £ (a) • 2 1 ^ a , a  bj a 
h % ) - Z l (»-3)! l>-^4(<*8) f (a) . 
3-0 *^' 
^pofto that A f» 0(X^ } f ^ h Jtial 2(f) ^ A. i l either 
g ( - 1 ) ^ 0 or cTil A> Qirefy ggro 9* af h (B) XsLSt^^iSSSA 
7 « (fi • < 0 )/(1 •> {I ) foac JEUB& suitable «^ ao^ ce g^ elftpienta 
« « A jBil n* 9 z(s), gyBTtjagafrtaarat z ( b * ) ^ y A^ ^ jDost AJ 
ffr? ^^Tlr^ iff (^•l^) iflill (6.13) 5 | ^ ^^••••fng aa tha 
difitJBQt amrpty ffi^ g(B) o t l ^ tbgm «1 (^g SQSd* 
hj(«) . f(B) - ^(<f-B) f»(8) . 
i J AftB(K^) jaaaiai:ltol 2(3f)SA»jaaa 2(h^)c^A U A* mhero 
]^ ff!^ f^ ^ 3&1 the above oeroUapyt ths ooaditioa ••!^f<0»* 
appears priooriXy ^^ to thg deflaltioa of Ll(B)t lot oloae thu 
faot tliat the CQPO •• /\ • 0»» IS tmlaterentiag to look att. In 
order for the hypothsnes of Theorao (7,1) to go through la tlm 
ireoont set up, wo Hust haw oithEjr •' '^:^ * 1** or'f'if A»*. la 
tl» abow eorollary* "» ^ '^ optod for *ho ooaflltioa •» 5\ i* - g* • 
on the groiiad that th© oar© * » / \ » - | | ssid^llA** l©alD 
procioel7 to Corollary (5*3) edroady ootabliohod. 
a. Saaa mtoful axmnloB and mm^kB. In this aectioa, «i 
give 8009 Qx$mpyia to show that our resulta ia Chaptorsf 11 toA 
i n oaa!iot he furthor f^aarallssed la oortaia dlrectlcmo, Flrot 
wo tato up tho followlaB oatampl© whloh shows that Theoroa (7.1) 
aai Its oorollarlee do aot hold, la ^aaral, for axmal^^bredoally 
olO0@d field© of oharoJtorlotlo eero* 
(3«1). If S^ Is a maxlaal ordered field, 
A« f - l j , and If 
f(«) • s \ B *^ 8 • 1 • (B^+ 1)(84.1) V 8 e K ,^ 
thoa [18, pp# 233» ^30] ^f. also Propooltloa (1.3) and Theorem 
(t.lO)) K^  la a noaali^bralosilly olor>>ed field of oharaotnrietlo 
aovOf 
vsmlsh C^ f p« 3C)8»* A i s a goaoraliaed olroiaar rogioa 
of K^ « (Though mo heii» defiaad the aoaoreilJUied oirouXnr 
Te0,mm for algetsraloallj olosed flclde of eharaotorlf»tlc 
8@ro« but tha defialtloa r0i3aiis<i tho B«W for thr^  fleU K^  
as mH - BOO [^, ]^ *5?5» 37?1 « [20^ l>«^C}' ^ ^ "^ f'J® 
p « 1, < « «»1 aUS • «» (t , jt) 9 X^ f t ^ pQ],3RiaBlaX0 L^ 
QUI f «f 7ho^:«a (7»1) a3P«t rftepeoti'imlyf slvoa by 
i^(«) • ^ JCB • I ) (B • ?« -Df 
F*(«) m « (^ » • I )• 
Ifmr flOl tho }ijp9ti»mo in Tbfterea <T1) art n^tmfiM tilth X • 
K^ ; where as?* • fS-l lo a Boro of l y uliioh oaimot be c^ xprdsved 
la tim fona eXaln»A by the »^»or9tt« That le^^aor^ (7«1) Aoee 
not hold for « » flald K .^ 
Tho abow extusplo oorv^s to eatablleh eHm th9 fgiot that 
ThooroB (5*^) and Itn oorolln3*l«?R ^o notf In (jamiraLt hold for 
amkil^braloally closed fl*?ld8 of oharaoterletlc aero. To 
\;^ phold thlfs oIalia» m eteirt with tho asm f • '^  • pt A and the 
trlplo (Vf Z>^ t ? ^ a8 in th9 above exaiaple iina obtola (of, 
Frepo^ltloa (6»S} and ouc< o^edliig dltKmsfiloiis) a imlquo triple 
^ \ f ^^ oatlfsfylnfT tho reiatlais($.3)f (6.5)f (6,6), (6.9)ai^^ 
(6*11). Undor thlo rodurtlony m iaaof^lately obtain 
bi 
1 i 
i^<») • \ {»)rs,^ (» • 1) (ft • 2s - 1) , 
» ' 2 
Cloarlj the I]Qrpotho0«»B la Ttmoacom (5.2) uro aatlnfied i9lth 
X • K^ t Twt tlie Boro 9^  • t^-1 of i;^  i s not of tho deolred 
f QVB -
Boxtf tw cowsider aaaothor 0»3Op3.« i9hi(^ nhoar that the 
GoaernUaod oirouXrir r j^cloae A ©mployod la Tbaoroa (7.1) 
and Ita coroHnrloe c^ o^siot be roplacod^la rroaeralt hy gei»rft» 
Heod oirottl??r regloiKi ddjolnsd with arbltxnry fulioete of 
tholr boiiaAaB7. 
i|^ fnf»if (8«2}» If W3 ta3GB K M C , B M ( S I ; ( C t &ii(ft)> o] 
V ( l , * l ] , ffial f(») « « -^1 f<B: B e (C • ttea f <| '^ f«C ) 
snob that 2(f) e Bp n^re B||D((C^) but th interior of B 
2 
doer ijelooB to B( <E^  )• For p • 1, < t. Ot o«d V « (1, -4) e (D • 
thB po^ tsmoQlalB 24^ F^ of Theoron (7.1) oro, roBp^otlwXy, 
2 
Iy<8) • 9S «> If 
P*<B) n B( a - 3)« 
It Is aov roadlljr 0e< a that tho horpothooea of ?h0oroBi (7*1) are 
5,, 
satisf iod with t. m (C &aA A roplacod by ®, ujiuroaB the 
aoro 7 « • of 34I oanaot bo «*itt«ii in th^ a^otra as olaiaed 
Iqr th0 thooaraa, Thnt la^ thooarMi (7«1) doos no loor^r hol4 wiiBn 
A i s aropXaOod 1^ t3» a:^ ^^  net 3. 
As in the of»fio of I®r9inl& (9.t)t •© <^ o^  lK?r0 
that tho ahove esoisplo porvoo to i^^ld thm Betm ofextontiem. 
in roop&ct QXOO to Thooaron (5*2) end i t s ooroll«irio8. \i» start 
again with the rngao f» <tt P» ^ ana tho triple (•» lyt ? ^ 
as in MmpXsf (3*?) and obtain alnilarly n unl(}tie t^pXc 
^t Jt^f ? ^ satisfying the relatiotJ (6»3)f (6.3)t (6,6}«(6«9) 
aal (6«11). VnAftr this redaction, ^ obtain 
tt • (9, -4) 
P^(B) M sa(9B - 8)# 
Sian thou^^ the hypothsooe of Theory ($«?) lk)X<! «hmi B ie 
mlbetitttted for A» but 00 soo that t ^ omelusion th^roin 
4o»c not ho3d in oaao of tho »»ro ^ «• t ^ \ * C<»ie«(|Viently, 
ThooroB (3.2) i s no leni^r valid i f tha sot A ia repli»3@d 
by the abo^ Bfs% B, 
Finally* m disonse yat anoth0r exaaple to show th»t 
niearone (5*2) and (7*1) and ^vair oorollarioa do not hold* in 
5-. 
fiftiMraXf «i»»a tbe gow»riillBod eiroular Tutti^im k la thoRo 
zvsolts «r« repXaiMid 1)^  arbltriary oontex eeto* 
J^BHBlt (8«5). Zf «o tote X « (D * A » C«1, l ] onA 
f(«)w«^-1 f«r K i C t t H i i a f e *^(<C) such that 
8(f) S Af v^TQ A i s a coarex set but lot a laerabor of 
0<<Pa>^*^*^ p « 1 f < « 0 and T « (Ifl) ecr^f tbe polyno-
otalo L* «Bd F^ «f Thaorea (7.1) aira giwa b7 
1^(«) • - ( • ^ • 1 ) , P*(i) • B ( B * 2 ) . 
I t l8 now aafQT to fsm that a l l the harpothanoe af Thoorsa (7*1) 
(iitth A teimn as tha ahove oonvme oat) ^ro aatlr^-^lod, but ao 
aero 7 of 1^ oaa ba ar i t taa la the f ona aa claliied by the 
thaorao* tharaforet Xheoraa (7*1) aad I t s oorolloriet? do aot 
hi^ Af i a {^amralt s^ iea the (^naraliaad oiroalar ro^loao ore 
raplaood bgr arbitrary oonvme aeta. The above exanple nay be aaed 
to iqptvild this olain ia raapeot alao to Thaoreis (3«P) oad i t e 
oorollarlea* To thia affeot» ae procaad aa ftOlova t sturting 
with the emo f t <* i p« A aad the t r iple ^ , lyt F p ae ia 
the above axoapl® >^Bd ueiag ^ho aaae rodaetiea an la the carte of 
Sseraplea (8*1) aad (S.?), we obtala a « (-If 1)» \(*) • £^ (B)» 
••(•>1} aad Y^M m 8(2 « 8)t satlflfyiag a l l tho hypothesf^a of 
Shaares (5^2) ( ^ t h A talcaa an the ^bova oonimx oot) bat 
Tiolatlag the ooaeliialoa therein, 
Za Tlew of the oboervatioaa tsaAa l a ^^xeisple (3»3)i i t la 
5 i 
notearaX to mk tbo foIXowliig quootloi t Xa i t poo8il)le to 
glire our r^ cRiItf) a reforaolatiofi wiiloh UROB only contox 
oeto for t!i« lo'^atlon of eoroe of the ptHyBumtoXa iavolvod ? 
99 BhgCU aoo la Seotlon 12 of tho wmt cJiaptr>r thjit the 
amnier to thin qiiostioa in in ths af^iiisatlVte. 
m Imfo O0OII la Chapter IZX that the poljmooiaLe Zy(s) 
aam oseentlally the polra>«oopoBlte poXynmialB I^(s) writ ton 
in different fosa* All o«r re suite ia Chapter e 11 and lll^ooa-
ooralniE tho isoroo of thooo p^Xynoiai^ lSt ohtiouely hold also 
«hoa X 18 tte field (T of occ^lox mahere fiti^ * ao fmoh, i t 
i s not iffortlartiilo to oaaBKsrato thair coanter-purt© raid the 
ir^riooa {ipecial oaBoa in tho conplox ple^io. lfaverthel<^s0« in OCHS} 
(tf theea speelalisi^tionot th0 sots reprondittinT the loc tioa of 
tho rros of the enid pOljmoiiiials tear mom jdij^ Bif^ al aal oaioreto 
look due aodaly to the ^ d ^ neanetry of tho ooeplox plane. Trtm 
oitt of on eadlees ohaia of epeoliil G^CS in tha ooaploz plans* 
let tto lem^ the optlcme of choice to oao*e otm tante tmJ liking 
vhile he i s oitt siiThtroe^iiig the whole penora;iBa of rolevant 
geowtriofid patteroB* W9 ehall^hovewr^iiiention eooe of thoa only 
in paesing ohile disouee acne in greater detail* especially the 
oii»8 vhioh have phTsical iat rpretatione • In the natnral eoorae 
•f our dlscusaiOA on the lines laentioi^ above» vo OhaU eeo thiKt 
our reaulta of the proTloao ohaptere yield a mvi va^  ioty of 
results t i»hioh «re qiuite different fiwi the earlier onee both 
in form anl content and which fmmtir thn que'^ tion poeed at th» 
end of Chapter XZZ* 
5o 
o 
la this seotioi m ta)OB up oortaln iAtercmtias a^eoiaetrioal 
ptgtt&rtm «^oh ofloo up ais a rosult of r^otriotiod ttm soroe of 
mtLlXaixy poUatmitslB Involfod* 1R$ (^ laXl ta&ntlon those la the 
ootti ne of our dlootiaeioa wltlioiitt fM»«a.l3r eniPK»r«%tliig ths 
VQBulte as theorems* 
2a Theoron (5«S) ( r s^ . Oorollorsr (5*4)) Iff la psrtiottlary 
A m lKa*r)t ^ tf A sad ?,| (rosp. g} ha^ mOy real s&rosf than 
«s easily oQiv)}iafte ttuxt aH the se^os of X^  (rosp. h) l lo la 
the aoaia.9 seotor ootSitalaiQr; A aad houaAed t^ tho tnarreot Uaoe 
7^  saA '2 ^^>"^ ^  ^^ olrols 0(a,r) tIsrou(!^  the polat <^  • 
Kore prQoinely»t}ie^ilo la th9 ttaloa of tte closed discs 
Aj m iKa t^ Vj) for J « 1«2,««.,f{ (of* H a^firk faUowliV! ooro-
ll?«ry (5*4))f «hiaro for ©«oh etioloe of | tho olrolo cCajt r*) 
axi^ths clrola CCa* r) have T^ end 'S^ as their direct <flr 
trsBKiverse ocsnea tanriente aooordlog as the oorrospoadlii^ sore 
0j of 7^ ^ s p * B^ satlnfles tho laoqualll^ ^5 ^ ^ ^ 
fij > 1 (slnco {oj - ^ I/la • ^ I • r ^ aad the polats a«aj* ^ 
flore eoniaear la this onne). The oam» vliaa C l ies oa the Moadsry 
of the diao A • B(a« r)« Isooo^r, r^ lv^ s a differeat gooBStrloal 
pattern* la ^lis car^ Q» i f the polyaoiaial s (reop* F )^ of 
Oorollsry (5*4) ^8i>* Ihooroa i%P.) «lth 1^ J<^  o) has oaly aoa* 
aegativB roal scroa, thoa al l the s^ros of h ^ s p * I ^ 
l i e la the oaloa of tho diec A aal thp p^oa half«»pl£uae aot 
5. 
oflotalains A snA Umadcd W ^^ tangent at C to t ls olrtfle 
o(ia*r)« More |xrcQlffoly» as beforet ttisy a^ a^in l ie In tlie nttloa 
of tlie dlooo Aj m Ti^tky Vj) for j m 1f2«.«,,qt txtt tOslo 
tiias ovjry olrclo 0(<a«t »<) touohoo tho clrol© c(afr) «3cter» 
nally or intomadly at ^ aooordli^; as $^ > i o r 0 j < 1 « 
teoauoo tliB oxproesiaiia for Oj aal r j Inply ti^t 
• ^ - . < - ( a - 0 (t -Pj) 
Fj • r | 1 - p ^ | . 
A oXosor BorutifKr* in fact* s i^n^als that 
and thect A^  cT A,^  If ^ ^ Pj ^ k^* 
Coiise(|iiontl7f i f 9e aBeuoa (as \90 laajr, after a rolnftaxlng i f 
BBoeciearjj^  that p^  < ^g ^ ••• ^/a» ^^'^ ®^ ^ **** "^ ^^ ^ of J» 
(roop. Ii^ U© in tho disc A, ( ^ A) i f 0 < 1* i - tm diee 
A i f ^^  > If or in tho region A ^ U A ^ i f p^<1 ana 
anett M diaouao WworeBi (7.1) and Oorollory (7 *2) aloi^ 
ttiB liatm of thn prooodlHf; paranrapli. If A • D(£i, r ) , <" rf A 
and F^ (f ^ rip. 4) liao only real aoroa ^ t aU beinr; e<;nal to 
•If tho BitUivtion alrersdy dincuoned in li<*ra«rk II followli^ 
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ThBOanaa (7»1))t thoa all the soroo «f 1*^  (rosp* h*) l ie la 
tho doabl0 seotoir contalali^ A ond booaded by taar^cat Unei. 
U^  aad Sg ttiroiifi^ ^ to the clrclo C(a, r ) . More proclooly, 
ttey l ie l a tlv^  ualoa of tbe discs Aj m l>(a^ * rj) for 
J « 0»1i<'?t««««q ^f« tBieorOB (7.1) lad ttie iniccetdiag Heoork 
nz)« vliero for eooh ohoice of ) 0 *• It•••#<!) th» olrcle 
c(al* rj) tmA tbo oirole O(atr) bave T^  aad T^  ^ thoir 
direct or trainfores ocjcsaoa tasvreata aOf^ ordlag ao the oorre»» 
poadiati sero 3* of F* ^©ap. ^ BatiofiGn tho lao^tuality 
{J J > -1 <x: ^J < -1 (dae to tbo oqiiation |aj - ^ | / | a • <:| • 
r j ^ oad tile faot ta&t &$ ajt ^ aff^  ooUlaear). Sawewrt la 
tbe oane «liea ^ lino cm tbe bouattnry of A « 9(atr)« ve ^ t 
yo% another iatrcotii^ wjroioat arsaely 1 
If aH the sieroa of P^ ^©r«9, g) ^ro aon-aeg^iti^* 
thsa all tiie oorea of Zy (reap* h ) l i e la A« More precisely 
(elaee a^  « ^ • (a • ^)/(1 • Pj)}» tJ»y l ie ia tlK» disc A^  « 
I>(a|* r^) provided ^^  1^  taJcea (after a ro-^ arroaf^ eisoatt i f 
aocerjoarj) as the enallefrt aero of P* (renp. {t)» Uoto that 
A ^ ^ A nad thmt the boiadfiry of A^  toaohas the bouad^oy of 
A at ttie poiat < , 
ffextf « remark that Oorollery (7*3)$ with K • (T , 
^ • Of ^ >• ••1/^ aad ultti A ae (classieal^ ciroalar rogioa 
of ^^ t is enaeatially a result dae to Mordaa (l^t P« ^11 
5. 
^ n^ ji o^gQalar fgiS^ flQ At h^aa ^v^yy JiSCft V i^iC J ^ J3&2kE^* 
^/($ • i l ) l 
XflC AIM a 9 A< 
oonplcix aoBsbor/^  OBA a fuaotloa F(s} fron CT to (C » t^ o dofiae 
"^M /^  *"J28Xail& of ? aa thd roots of tbe erruatloa ?(•)»/^ • 0. 
X«o« /^^ ««poiiit8 of F aro t!fi ]»olats B ctt f«ii.oh ?(s) talsae 
tte inOuo /^  # 
la tJjlo oeotloa m dbaXL rQ«5trlot ottr oXvoe to thnt 
aspect of thu tHeory of polcas-ooEiposlto nolvj».<r»lP„l3 v/hloh oaaldea 
as to olytala none later-«»tlaR roeulta oa ths i^ai lysines of r»-
tioael foaotloao of the type (^» 9) f*(o)/f(a)t «*»ro 
* 0 '^^^ ^ ^** ^ Is aa cerbltrary "but fl3ce«l cooplsi*: number. 
Before «e taJos up there rofjalte^ w© doflao the notioa of joii^ 
of two 0otB mH briefly ^oserlbe «^OIBD reXevcyrit proportion• la 
vhat folio >f?i w demote the coawx Imll of a fiet A by H(A), 
Sio 04Kif03c m u of the net ( a#^ } "^ .13. alsply be doaotod bgr 
Ql« b] ^ caU It 1^ lino ecnnaz^ joinim a and b)« 
ai>^nittfla <10*1)« ite define ttio Jsill *^CAf B] of two 
[^AfB] • U {[atb] t a « iU b f» B \ • 
tin eltall write ^[A» B] Bivs^glXj m Jfat B] or [^At iQ 
«}eordliKi 88 A « {a} or B • {h\ t sroeooetlirely. Fran tho 
^loflAitioii Itfself, m cfiii easily y&ttfy tliat 
«?[A» B] - JCB. A ] , 
^[A, A] « H(A), 
A U B € J[A» B] ^ B(A U B)« 
Xt i s aliso olnrioiio that J[A« B ) « B if A Q B aa lS i s 
oomoxf m& that J[At B] » a(^ A U B) If both A and B nro 
A0 an amVLQslbioa of Corollary (7»5)t « rtlw the 
follo«iiig rosult ii$si<)h hem a aico f^oaaatrlcal fonturc in tenae 
of join of t«K> OBte saA vitiioh hcMi iatereetiiig phj^icnl Intor* 
porotatlOBD as iioll* 
Q<B) • ( < • • ) f«(8)/f<«) y « « ( r . 
6^ 
: ^i>:i,l%' Zl A t IK <2^ co) ffiMH ^ ^^ 2 ( f ) ^ A saSiU, ^ JSL 
tlnrtiifffMBit Ait& ^ym&ft (jft^ch ha^ n^^ no 4 ^ jBi^ i2tiiz <U z ( f ) » ( < ^ p 
SBL ^^B) ^ 3 ^ Qwrf nositlTO real Vialiia ^ t leant ottoa aoA 
JSOml^ . Z0t ur^  tain any point <*§ B and lot 
f (•) • k« TT (B • «4) > 
vbere kf lOtmi • • • • • n L o a ^ l etA 8^ » . . . t e. rcra tlw 
diatinot seros of f(a) htiYliis laultlpHoities o^••.•»»_• 
reopecti^ly* ^ divide tlie proof la t«o oasoe. 
JljUL.^ )^* Q(*) S "^ tbrottg^uttt ito doisaia* fo proim 
tlttt thin oaoe hapnoae If asid only If 2(f) • {<t] . Clr^ ajriy 
tow ooadltioo ••fCf) • ( < ] • • tBpUes ISiat 
f(8) . k . ( « . < ) 
(»ia« ooQSQfiadiiay, t ^ t Q(S) » «a tliratii^ KMit i te daraaia* 
Ooaversoly* tim oootiitiwi oa '^  oltliantoly implios t h ^ 
a f(a) • ( « - ^ ) f ( 8 ) VB e (C . 
b. 
smoe al l ths edroa of f < (iitiioli earo also mroe of ^ have 
a total aolt ipl loltj 
P 
iw ittf©r that fiO - 0 itfid p » 1 , 1^.^8(f) • { < ' ] • 
Qiioa (11)• q(a) j|4 Hi In Ite doealii* For eiNnry /^ > 0» 
lot OS aote that /^-poiatB of Q aso oifseatlally tho aeroa of 
tha polTnondal 
h,*(i) . tin) - S\(<« a) f«(«), 5^  • ! > 0. 
othor than tho point ^ (provided f < < ) • o) ami tho aorea of 
f* which are also aeros of f« Lot tta call suoh s^ros of h^  
^ Boa»triTtiil. In view of tho dioouaoioii ia Caae (1) and tha 
faot "ttiat h^  9 ) , 00 ijntaodiatoly oootslEido thai tha total 
•nltiiplioity of the ooxiptrivlal aoroo of h| i s p cxr p»1 
aocordixig as f(<^)f<0 or f(^)aiO« roapectivoly. But tho 
oane uador oanoidoratioa involves (of* tha charaotarieatioa on tab-
liahod ia oano only two poooihilitioe^nsQOly i p > 1 or 
p a l with f ( < ) 4 0* Iram thia faotf togothor aith tha oheor* 
vationa raado ia tha bogiardaif of this amfs^tm otaiolado that QCB) 
tedma tho poeitivo mhio ju nt loaat at oaa and at moat at a 
diatiaot point a in thtj oociplox piano* ?inall3rf m olaia that all 
6 . 
tteoQ points l ie in tha Join J[At ]§ of the sots A and B« 
POT, it If iB any/^-point of Of ti»ii 7 ie a aoi»»triYial 
0oro otf ta^ and, coonoqaeaUy ^inoe t^  > o)» CorollaTy (7.3) 
iapliea that eitter 7 t A or 
for oono tx ti JU That io« in either oaM Tf 6 jQit BJ. Siaoo /^  
i s «& arbitrary pooiti^B aoaber in tbe above sp^tnaatBt our 
xroof ia oooploto. 
(10*9) • XMl&r I3i9 notations and bypothoaoe of 
Thaoren ClO«2)» «» mS^ tba folloicii^ rcnarlea ooncarning the set 
J(A» B] vhioh ooataina eai i3i9 pointD 8£t vthixsh QCS) > 0, 
(I ) , If A i s not oonTOx, J^it B] bcooocjo tba <intirt 
oormXp^  plana* If t hoaevor, both A and B ara ooavax, JCAfB]« 
B<A U B) and «e S9t a libolo lot of interaating {^ soBiatrioal 
pattoraa by varying tiia ohoioaa far A and B« w^  give only tba 
oaaos vAmn B • {< j in the reraarte ClI) and ( H i ) balov* 
(II ) . If A • B(a,v) and B - { < j , tten J O » B] « A 
i f < § A or« alna» jfA, BJ i s 1 ^ largar of the two finite 
ragioaa botindad by an oro of tbo oiroXe 0(a,r) and ttia tanganta 
to i t paatsing througli ^ • 
( i n ) . If A ie a ganeraliaed ^^t^fj^^i^ H (i.a.^an 
open half«»plaaa ad joinod vith a ^oaaibXy anpt^ ^ ooonootad aubeet 
t i i . 
of its ttcrv/AsOPf) and i f B « {< ] » tb0it ^ClfB] i s the ooavez 
teU of HU{<}* That l e , JCA, B] • H i f < t H f If ^lo m 
thB ^ouaiarar aH of B bat not in B9 tli»a JOUB) « H U D* 
«tox« 1) i9 tins Idnpt ooiia^otod sttmot of 0S9 contniaiiig 
(H nBH)U{<3 I m oaoe <!( H U»H, tbsa JCA,B] - n'U{<}^ 
limrQ a* i s the opon half^plaao ooatainlog H and boua&od 
tor tl» XlttB through ^drosm XMtrallol to the lyouadt^ ry of H. 
Oonsetiuontlyf in aU oaoos 
JCA. B] a Jfti < ] - H^  » 
nfe'tro R^ doAotes ths l^ cuot goa raliaed half-piliino ooattOziing 
^^{^3 • ^^*** *** ^^ ®®y ^'^^ ^ thought of ac the iaterBOo-
tion of a l l a^as^ rfiliaea half-»pl£ino* oontaiaiiKi HU{^], 
3tme convex aete OET'^  eaoeatially finite or infinito 
istoreiootioiifi of oortain mnoralieod hQlf«*plQ!i&0f tie can use tte 
aboiFO reaarlc (IZX) to obtain an analOgoue foxoolf^tion of Thr^ ox^ in 
(10*2) for ti» oatto nhon A ie ansr Qorsmx set* not neceeearily 
a gonernliBed eiroulKir rc i^ion* In faPtf we proire 
iBtftt'flT ^^ Q*^ '^ la tlie ^tntioofl a^ aisareg (10.gV^ A 
Is, Ml ^StBESSi SSX SSISk ^ ^ 2(f) ^ Af J | B 2 Q(a) 5 -n throui^-
qOBltiiw Tftftl 4Qg|]j|t ( ^ if iagi Qi^e s||£[ ji^ aent n ^^ f,lf^ ^^  l^ ^ 
6. 
18 haw already ohowa la the proof of ?beor«a 
(tO,2) (of, Qatmm (l) aafl (11)) that ^(B) B •» threWRhoat 
lt0 donala ^ aad only If Z(^) m (<}) or, else, that o(«) 
tatos 9i»r3r poeltl^ imli^ at leiast at oaa tgA at i!»@t at a 
polat@ la ths omcsHax tHem* ^ «oii3d» therefore, 1» doao If 
m oaly Show that all timrm polate He la thcr caavoz hull 
H(A U {*^  ] ) • 5fo tills effootf ae procoed ao foUoaPts i 
Ibst U8 oet 
0 « ( » € <r I :?(») > 0 j . 
To oaoh hnlf-planB H omtalalag A» t}y?ro lo aocoolatod a 
mlquo oloee l^ luaf«*plaae a . (of« ths aotatloa at ths oad of 
Bemark (10*5) (XZX))« l«e«^tho least goaoraUaad holf-^plons 
ooataimag HU{<j» saoh that s ^ H. (pf« Theoren (10,?) 
with A » H)* IRint ISf s ^ 0 H^  , ths lat@r8eotl(» raar:laff 
^ H < 
ovsr all geasrallisod half-plQaoe H ooatalalag A. Hlnoe 
awry wtoh H^ oootalas A U(<] and aiaco H. « H If H 
ooatalas A UK] • ^ lafor that H H^  Is arooloely tha coi>-
n < 
ynm lu l l «f A M{^] # aal ae are ecno. 
Za tlow of Reoarli (10,3) (I) «© ohoerva that ?teor«B 
(10*2) 10 ualateroetHig v^(m A Is not ooavose* Ztf thsreforoy 
tomo out that fhso^sta (10•A'* ir a aore noaoral foxanlmtloa of 
ths latorQBtlag oaf»oa oovared by Thsoron (lO.S), 
6 
sball mm tliat Tboorsas (10*2) and (10*4) have lat^rontliig 
inP>^<'«tloaB la <;ertala idiyi^ loal j^xmrnrm^ mgih as j^atl* 
tatieiiiX ( W eXBotrcnusaotio^ attrootioa and twoMdlaoasioaoI 
fluid notloa* Xf • > 0 m& if m «rita 
id 
a - • a /<«*• , 
and beano tim vxpromiOA (11.1) TrnpeetmntB tbo force of 
ottra^ttoa ^Bd«r inv^ r^r o dir?tii»ec lipi^ an a ooimbls unit oaso 
(or aogatlw oXeotrlo ohsBtm) at s <!ltte to a f t:?©d na^a (or 
posltlYS otiar^ W) a at a* Coils'?quontXyt Xottlag 
f(«)«i l t .TT ( • • » ^ ) » 21 a ^ - t t ^ l f k^O, 
•9 daally oboonw that the M«pclato of Q tor ©oeh M> % 
ytatrem Q(a) H <<••) f»(»)/f(B) , are eoceatlally the roots of 
'tiie «t{iiati«l 
> i • i*i_j^  « 0 , 
Shat ISf tte polats at vhloh ^(s) tatoa a pof^itive yalne 
(/^» sas^ aso thD pocltlojws of efrallltelUD of a aovaKlc ualt 
aaao (or aogatlvo oharge) la the flold of attrootlai ^ l e r 
tamttrm dlstaare Ixe^ duo to tiio ^ystoai of p aaseeB (or 
G . 
ohaprgos) a^ at tho eor&s Sj of f and a nana (or ohcrnfi;) 
>t< acft < • As diooiisaed ill Mordaa [10« pjQ $ scs, oqulvalont 
iiit&rporetatlQii rmiB ao f olloiR} i 
91i» salA points ore the positions of eqailitsrii« in 
the Smrtoaiin field dus to a sarntan of p infinite thia rods 
(lins char@88^  of mass (or ohnrss) density toiy? nt the point? 
•4 ani ea izif inito thin rod (jLtac* ohocr^) of tsnpB (or charge^ 
donsity U at the point ^ . 
^ ooa s i w yet aaotiior inter^retatiffii ir. t<?rms of t«o-
diBcnsioaol fluid motion dus to certain soiiroe^ situated either 
in a oiroulrtr region or in a oottvex mt^neofiiy t The/^^points 
of Q (for &,«s3h/^ > a) ere the stagnation points in the t«r»» 
dimensional flow of en iaoct^reneible fluid dtis to P ooisroes of 
Btroneth BJ at the sores Oj of f and a oouroo of strength 
/^ at ^ . 
Qip^ «Mt aata. ikftor tie have established fheor«iiB (10«?) anA 
(10*4)« tie oov ask ourselves ens to nhother oi' not the oooplfis 
oouater^parts of othor results in ChaptersXZ and IIZ oould 
lite&wiss he feenBlated in ^nm of oaa9m. sets* It i s only under 
soitablo cosiiitioas on th& mssSli^gey polynoixlals that our answer 
i s in the affinsatiTS* To thin ef^ectf «) est^ablirh a nuQher of 
6o 
rosolts ia this sootloat each corrospoiiEling to i ts e^irller 
ooiiiitQ3?-pfirt la CbaptextfXI eeoA XZZ* Tbeam resulto partially 
•nower aleo tl» (looetion poeod at tho end of Choptor IIZ. 
Fismtt m tate up the aaalorraua fosmtlatlona of Timaren 
(9»2) aad itn oorollarios* 
fliUQl K « ^ JBd 3L^  1^  0» JX A JiSLA S^SSBEOSL SMUSSk Sit ^ 
I If 9* i© a ««ro of 2^ aad If 3 i s any 
seaaraliaad half-^ plaBe oontainlag A (ao tiiat Z( f )^ I|)« 
thsa 7li9oraa (5*2) aad the hypothaein oa thFi s^roo of F^ 
Imply that 
for sooQ a « H «i& {I § [p« l)« That ls« 
nhare 8^ deaotca the loa^t gomsrallBod hfilf'^plaas eoatalalag 
H \i[<] (of. Heaani (10,5)(ni) ) , Therefore, 
9^  « Q H « H(AU f ^ ] ^ , 
as la the proof of Theoroa (10•4)* aad th© proof le ooiaplcte. 
6. 
The folloffliig remilt intioaiately follovn fron Thsoaren 
(12,1) just as Corollary (5.4) toUom frcn Th/ics^m (9*2), 
ffi^^la^ (12.g). I^ the notfttiona of Corollary (5*4) 
tfl^h t m C 9 ^ A to fl f^ gllfflt fflifeffil M ^ raiQh that 
3(f) ^ A tfi&IX Z(g) S [0, l ) , Jtol Z(li)£a(Atf { < } ) . 
Ttm toXlmim ooroUory easily follovvei fvm TbDoren 
(12.1) ^ t as Oorollary (5.3) was doduood fvoB Thsoroia (5*?)» 
qnflpftlljanr (1g><i). In tlir retnlllifllP iC QQ l^jbMry (9.q) 
with K • C f JUL A ifi. ft otaiTOx iJBiJtligft Itf (27 £ 2 ^ Jlttli 
Zff) cz 1. than z( l^}sa(A t / ( C j ) far all yiyltiea of 5^  far 
whloh 0 < ^ < 1 ^ . 
Hsxtf «s oota^lsh sAalonoos fonsalatioos of Theoreo 
(7*1) and i t s oorollarieo. 
Slfitthfll (1^*4)« la tl» aatatlmas ^ ;^ )sy^ fflfflp (7.1) 
Hiyi K * <Z^  • ^ A ^ A ^ flJBBEQI £UltSSll 42£ (T sash that 
Zit) ^ A jMliX 2(»^ &,•«»), JBttBl 2(l;pSH(A U K } ) , 
PToo^ * lot 9^  0 2(2^ and lot H bo any fi^ mrraisDd 
half^plasis ooataiaiag A, ataoo Z(f) ^ JSf H (| l)( (T^) aaA 
F^(-1) i< Of we ooasludo fS-oo Thoorstt (7.1) (appUod siith 
A • a) and ttaD hypothssls cm the aerof! of 7^ that 
* - ^^ » . y mil ^p ) (« • ^ p ' ) 
for fsoao a 8 R aaA (^ ooe P ^ 0* That is^ 9^  f ^[09 <*]• Sio 
rest of tlie proof ooii noir be oonploted t^ jr usiac t^sae areoooate 
ap in tha proof of Theorem (12•I). 
Oorreoponiiiig to OoroHari@o (7.J?) and (7.?)f vm r^% 
the foUowlni^  rooulte as iisaeUate noaooqttdiy^ en of Theoroa 
(12.4). 
£ssauax (12.5), i i jofi ittjyiusiiii ^  i L B s ^ ^ 
fi«iM»ii,«r rig.nK Jtei te aoHattgaB jBiL 9ggiaifgT (7.3) 
jlJU^ X • <r f JUL A 1& JI8Z J2fiBaDI& iiilSS^ fi£ ^ nich J||g| 
Z(f) S A» J ^ 2()l^) £ a(AU { • f ] ^ far al l tfaluee of 
>V > 0. 
Xa the ehomi rowatti im hovo usoA the ooitfisx hall 
H(A M {^}/ to locate the saroo of the ocnponito pOl^ raoralale 
iavoltod %^  reetrlotift? the soroo of the rospectlTns seupaUory 
poljnMRlalB to l ie in oertaia iatorvals* ^f pine Hit; Bimsi other 
exiitahlo oonditioitB on the seroe of It^ eee aiiatiliary polynaaiole 
(of coarne a^ ioiJi in tenao of oonvex eetsY wo (^en ropl«se in th9 
above reoulto the role of H(I U f ^ j ^ ^ aaothsr intoreeting 
regXtn sfA, <3 oaSTt ooaBlstlae of the pola* ^ ( ^ ^1«B 
outold* A) oia al l tlie rays i^^ crli eoflnate fraa ^ aaA paet^  
throned tlid politis of A* If ^ do(»e! not Colons to the Qowrox 
mt A Qad i f H i s tmjt (ppoa or oloaod) holf^ ^plaiiD oon* 
taiaiag A anA h&nm ^ on i t s teuad^iry* then s[a» < ] i s 
prooisoly H Ul^] • Oonaequently, S[A« < 1 S ( O H) li ( < ] • 
tlio intereootioo Trmgiiis o^or aU (opem cr cloood) half«plQar)« 
H coixtaixUon: A asl having: < as a bouadf^ ry point* In faott 
tbo ravoroe contaimonfc aleo holctn t ?or» i f on tin coitrary, 
thore exists a point s m 
( n H)u(<]-s[/u f ] , 
H 
t!»n s / ^ &»3 no point of A can H o on ^ 10 ray oiaanatins 
froo ^ aaS paesing throu^^ s* Sinoe thoro ie at loant oas 
((»pon or olonod) half piano %^ C^ asr) ^ n^ iioh contnino A and 
. « , < - . It. t»««i«, « a nlao, . , ^ , » c « , l ^ C«i»" 
^ rf A) that A lioe ooetplotely tm oao sldo of tbo line 2^  
joiBing tho points ^ ond B« Conoo(|uontly, if H^ lonoteo 
tho opon half*plano oontaiaiag A and ha^im? tho lino L as 
boundoarir* than s || 9^» 7!iio contradioto th^ fact that e oust 
telcmg to B|« 11 haio« therefore« ostablish that 
(12.1) sfA. <•] - C 5 ^  ^{^] . 
tha intoraaotion ranging 6v<^rall(^n or olom^^ half"«pla»38 H 
contaliitag A aad imfim <* os a bouKiary point* That ISf 
S[A« ^3 la pieeciaaly tlia laaet ooavoac oeotor coatalalag A 
Ml teMas <«> « « t « ( < tel.« a l w l>»l»I°d in the 
oeotor)* The rort of ^ile oaetloa «111 doal ulth rosulta «iiiioli 
meSm itso of eiioh seotors* 
g^iQIf^ , If ^e ^ \ ^ ami If a lo any (ppoa or oloaea) 
half-plaiiB 0(»i^l]iiiig A amt hnvlqg ^ oa ito homAt^geyt than 
Z{f) ^ H ma Theoren (5*2) Inpliaa tfaatt 
for e«a et^B moBi i ) ( t («»«s1) . 'Thrit i s . 
^ • C n n) [>{<} 
a 
and tho proof ia oonplete in viow of (1<'?.1)» 
fb^ idbova tbooron deduoee tha follotrlnpr corollsrioa ia 
tbo «aaaor ia «hich tha corollEO'iOR of Theoran (12.1) w©ra 
Cflgpttlliigir (t2,8)« i n J ^ nflta^Qaa . ^ C i^gQllf<rv (9,4) 
with K • C • ^ A Xg a ilSttCSS JSfiSSi fi£ (D Buoh that 
< ^ A Ann z ( t ) ^ A j3H^ii ^(s) ^ («<*«*• i ) f K^liaa z(&)& 
JEU& 2 * ^ * i X A i f t i i i m s i s JBi&ssi suL <n .sufi^  thi^ t ^ i^  A 
jQ^ 2(f) ^ A. ttyn g(lL,)g SPA^ <n fflp a?,l IR|1IIQ5 of :^ < g. 
P^^ iflfffp^ fff (12.10)* ^0 t|y> aotf lt i i^ o;l^  fbeorw^ (7*1) 
AQl Z(f) {5 A , ^ i X S(l^P^(«tf «•)» JSH ^(^>^s[Ai ^]« 
ggQQg* ZiBt ^^  0 Z(Z(i^  aaA l0t H be any (^ ypen or 
oXotsod) balfupiiini oontalnlxiG A aal haYlii{; < on ito botsklnry* 
SinnQ Z ( f ) ^ a t H§ B<C<a)) a»A ^y o^^ f* -^ ^^  v/^ itloh at - 1 , 
Thdorea (7.1) C p^pUo<l «ith A « H) tepXlca that 
(12.2) / * < • . ( a - ^ ) (1 • ^ V * 
for soBt (t © H rati 8€09 aaro fl of ?!• niaoo 2 ( P 1 ) S 
^ V • 
( -1 / ••)# w» ooaoludo that ?' l e SITOII IQT (i:?.r) for oooo ;« d H 
and fl* > • I . That lis. 
OoQsequenllyt 
/ 1 ( Q H) u {<] 
H 
ngA Va» Tfi^ciS i s eoBipl^ to iA vic^ w of (12.1)« 
S^ follovlag oorolli^lo8 oasily follovr froD Thsorcn 
(ir?.10) Jttflt OS coroHorlon of Tl^oreo <12»4) vmre obtalnod. 
(jlar^llarv (l?»11). ^ the notf^tlong of goB?0^ 1flgy (7«^) 
Kith S » <r « If A tn a c'(mmxi aiite^t of C QJioh that 
S[A.<1. 
9«gallfl3nr (12«1?)« jg %}^ MfftiltlMff '^ ^ Ctffollnry (7.3) 
with X « <r t Xit A j^ p r^  (^ g^ wia.t mibfiot gj^ (C j^ft 1;^ "^  Cd k 
ggji zit) <=i At ji^ ga Z(!I^)^S[A, < ] Ifl£ amaltti^ j£t 
9WlBMIag ymffTte* A^ olals»d m 1^ lioglimlng of 
thie eeotioa* wt h i ^ now in foot eeon that the s^ v^>@ results 
l^artlally aaemr the qucstl<a pooed at the cs*! of Chapter l U , 
partiaXIy in tho oenos that thsoe re suits hafo b&«a profod only 
wrhen K • <r • Ihs author stronsly feels that 'iJhoorem (12,1 ) -
Corollary (12,1£) could be exteivlod as such to tie field K ia 
eeneria and plaos to undertalse such a study la future* 
3am c^lioatlono of tbo timcfpy of poXa^-^aaposlte 
poljnEwmalE) haw Blroa&ar teen dinouogea ill Chester 17. In 
tboae oiyplloatioiiBff ottr mala tiiaoreiBe isore mtsoosslimly eaploysd 
in ^ras of haXf^plonss to yiold resulte on poXt8>oaDposlte poly^ 
aomials in relation to ocm^x r eta* Zn tiiis oheptor» ^ touoh 
upon oertoln otaisr aopeots of explication anA olstain ecos rooolte 
oonceraing n now viariety of ooBposito polyooiaialc) (terivod fvoo 
oortain polnr-oOB^poeite polytuxaiaXe through iteration. 
13* ffin ta t a^at TiiiHB^ ? ffig <>«rtftfB wir^Uil jprflguwi ff«»» 
Befoace taking up our oain etudy in thifi chaptert ve ahov as to 
how our Oftrlier rw suite oon |j© applied in deriilas rofiulto 
coaoerniiig ths real values of certain partial trmtioa mtm, Zn 
faott m proiMB ^m foUoiviag 
R(«) • 21 i . 
i £ A ifi.&asnaa gat 9firta^ftte f^ar samsL &i***««8n^ t^2Bii 
fijJItiS R(a) B 0 thrtmgho<tt i t s donain rWiioh hanoeas i f and 
7o 
7L 
Proftf, If we deflOB 
a 





. "Z a^ 
• 1 • 
J 
( < H 8 ) 
a f 
J«1 •^  a 3 
. (<-«) r(«)/f(85) • a 
•I Q(a) • a t 
where o(») • (^•«)f«<8)/f(«). Slaco A is a coiwox set and 
^ % *^(^) swsH *iiat 2(f) S iU our theore© tellom iiaaoillatoly 
fnai Theorea (10«4)« 
Zt mos' %o rc»aartod that tho aSao^ '^e thsoxtns is a zufcasan* 
Xatida of h^soapiei (10*4) la ttfsm of partlnl fraotlon suae, (te 
oottld also obtala a airallar refoxniaatlaa of h^oorem <10*2)« bat 
wi OBlt i t ia rifsm of th» roi3«aark folloniqs f^osma (10.4)• 
^ atato arlthQUt proof the following easy ooascquonoo of 
the above result* 
?.' 
^flfffl^pv (13«2), ffiyloy tbe QSS^tl^XSSQ.S^T^SSBSSBi (^^'^h 
JJi a|»«**ti4| aore all, r o ^ , tbftn fqg eaoh <f T^j^ jyr JLS ^^ 
M s g (moLL AfiEfflg) ^las2l iBaf-^attp^jaa ^aaeMatt ^<s)» j x 
liflit idfli^ tl^ oallir aero* tateB «iery roal Vi^ iia larigor than n 
to ^ HBPfy (sssaik iami) o s s a i &n¥''iT^>^ «i^ &t a? M q | 
14. <^ a ^ r ? B g | MUg^ ftftt our prlnaipal alia in thie 
eectiim ie to dlacura an opplioatlon of Thsorea (7*1) i^iloh 
eoablQs us to obtain an iatorosting rcsiat cm oortalA oaBpoeiti& 
pol^ moolal^ ff Bor© sonorol than the onf>o conBider©d earHcr by 
Harden [lOf p«is]« [ 12 ] • *3 nato no© of ThDoren (7.1) to 
ORtabHsh the following; Imaaa neodod in tbo proof of our naln 
tbeoTQa. It will be seen that our intondad theoroo '^nr^mliWiB 
a result duo to Harden [lOp ^tMsoroa (16^2)] • 
(14.1). fiissa ^ a ^(<c), p^  0 C * jo] m^ok 
P P (p) !i,(«) •p^f(B) • (-1) « f (a) y«©(D. 
iX ?i ^ ^ f ^8iexa>V"'- (p! O(B,P)) OXP^VP) ji^jUL 
A « 1>(<r^) fia2Sl.SSai 2(f) ^ A. tben gwry aoro '?f of h^ Ca) 
7^ 
asm o^A aAsk ^ij SSBLSSOL i (M PI^* O ^ J;^I>>I, 
belBff the & «^4;iMtfi of B*)m j^ SJte 1 ^ P^N;aS^ fit f)^). 
grqef. If lie toJcs X « C e«d If wo put < • Of 
SheoroB (7*1 )# \9ti 0@9 that 
Lj(f| 0, «} • a,(«)f 
P*(«) - a if!^ 8^ • pi 0(B»P) • 
Since ^^ S\p ^ 0 aiii B1»OO 
^ i ,N P 
Z_ (-1) 3i C(B,3) A4 «p^ • (-1) plC(m,p) 
Slieorai (7.1) lapllee that overy BOTO '^ 'of lt|(«) in of the 
foina ?*« « or If m «/(1 • p*), lalier© p* lo a p*^-root of 
-pi C(iafp)/fi^ * How, i f 0^ 4 0 « 0#1f .* fP- t ) er© tlw p* -^. 
roots of 0^, «8 000 that ^'oaa bo written In thp 
or In tiis foKia '^ •^i ^xv^ij/Pij" ^ ) # «*»3r» a e A ana 0^4 le 
t h • « 4 
ono of the p^-arooto of (l^ « Thlo provoe our loraoa. 
ghaoTin f1A>gK <?tojl tha TTTliTniMllnl" 
a n 
JBBIlfliS gQgJtti R 
. .1 /p 
Xllfi£& ^ ^ **Vp' 0(m«p)) exp (Ix/p)^ tl^n ^ 1 ^he aciroa g^ 
a . a 
|[« Xf p^t»*«f02| aro the aeros of s(>)f 3.et 
|gjp(a)] ana {**lc^ " ]^ ^ *'*® aequeaoRs of pol^rofliaials ^mn. 
^ ( a ) • tog < P ^ - « ) < ? J - B ) . . . • • ({ijj*8)» 
h^(a) • fCs), lijg(a) • PjcVl^*^*^^-^^^*^^^ "^^  
8w 
for le m 1,2*•••«&• For oaoh maah k* let ^|^ ^ ^ i Su P*0 
denote the p^^Weots of $^ Ttm Jupottaasie on the tnroB of 
8(s) lapliee that 
(14.1) 0 ^ < /^ ^ i \fi^\/\9^ ^ l i / ^ 2 < % 0 i J i p - 1 
for oil k « 1»2«««.,a, ami heaoe «bat f ^ 7^ ^ <^»^  any 
valaeo of k aaA J« Z . O M 
(H.2) H^ >^ SV* V k - 1 , 2 , . . . . t t . 
Let vm dmote %gr l^ (^ • 1t2t***tA) the ring nivea ^ 
to oloii that 
(14.3) ^ | t ^(<Z^ ) «aA Z(\) Q R .^ 
To proipo thio for a « 1» ne obaenpo that 
h,(«) • p , . Z^ 9u9^ • ( - I ) V ^ 3(3-1).•.(J-p^Da.o 
m 
l«0 « J..0 
^ j p 3 3 
f»v 2L. aj 8 • (-1) 2 - pi 0(j«p)a4 • 
J M O * I M A « 
(14.4) • £ *3 p * '^•^ >^ '^ °<3tp)l • ^ 
Bi 
How, olyriouBly « » OMffloleat of rf" 1« (p^ - " /^"Si^  ®*'*^  
fl^ fl O9 «9 eonalud* tron (14*2) Hhat h^ fi *^W * ^artliiir» 
8l]io« 9^  ^ ^ onA Z(f) ^ At «lim» 
Laggna <14«1) sa^ B «liat vfEtry aero 9^  of h^M is of thi foxM 
?*•« ov 9*» ft (^^j/p^j * S\) for SUM a 9 A andi a 9^j 
for BOM U proiddod of oooroe tlia$ $^ ^ 0* Tteroforo* oithor 
I 'B^  i « t a t JL 1^2 «r I 9^  1 i rg /^ 2 dtio to (U .D. That im, 
(H.5) I ^ I i rgwadt/^g). 
Siaeo all tba eeroa of f (a) llo also la tha gensrallaed 
oisroular saglea 
ae elMilarljr Obtain (for ^^  4^  o) 
(U««) I ^ I 2 «t iBlil(l,/£?**). 
Za the oaea nftiaa ^^  ^ 0 no hawt tharofora* shown via (H*5) 
aafl (H«6) that Zdi^)^ R^ « Zt is tma ^ao ia oa^ fi^  • 0, 
Biiti la this oasa ao apply Xoooa' thsorea [lOt ShaoroB (6«2)] 
iaataaA of Immm. (14* 1) to oonoloda that I ^^  1 1 r^ * Siasa /^ ^ 
•not hi aero la «ils oaiia» ao haat 
82 
!«•«, tliat Z(!i^)€ R^ « fte hafvo, tlisrefor*, dntabXlshoA (14*3) 
for a » 11 irreopftctlvo of i^iatbar p^  • 0 or @^  :i' 0. Lot 
OS aov aanuae tlul (14*3) Is troa for 11 • ^1t i .e .* 
V l • ^ ^ ^ ^ and a(lij^^)S R^,. If W9 let 
» J 
and fellow tte oaei« «nalyBlo m la oas« of h^ (of, (14«4))t 
m see Hhe^ tbe ooeffiQient of iF* la the e^ cpaneloa of 
^,(8) i s ^ ^ - 5\^4j, aaa so h^H "^((T ) la view of 
(14*2)* If i» «rlte 7(a} • h|^^(«)« U^(n) « li|;(a} and 
^^  
the maaotlQii l^ypethesle oa h^^ InpUes that %CF)^  R^ » 
irtiexv 
% ^  • {««(C » »t i l»l isfg j . 
9 9 (p) Slaoe Ii|(a) M^J^SCS) • M ) a 9 (a), tfm statonoat (14.3) 
fear a w l (the oane alreaAy pvo^ psd)^  tilth h^  repltioeMi bjr R) # 
IttSillee that al l the ZQTOB of S| (a) He la 1^0 rla^; It| t «ihore 
a; 
a n th» aeros of S| (•) « h^M lie ia tho ring R^  « H^ . 
Ssnoa (H*9) baa beaa eoti^lioted l!!3r natlseaatieal induotiaBi. 
f iaaUyt w slMv that \Ct) is eoaantiallj tho pol:^ 
aonial h(a) of aaae tteor<m, W& pvoooed as folloas t ?raa 
(14*4) vm oaalljr oaisptta 
*1 * 
ManBiiig that 
N<»> • C ^ «j «i(<-l)'^ plc(3tP))«^-
Vi<"^ - *k ^ • i »k-i ((•i)'^^w(3.p))«\ 
«• @«t 
••1 V V i w 1 4 
P<4 
• *A . l ( "^^ ptc<J»l^ » 
H a 
JMO 
-1 ^ / P»1 V J 
^ ^ «i «k ((-O pi c(a.p)) 1 . 
J 
l\ 
Vsliis aathsaaticaX iuAttotion and tSie tefit s^sat %(•) • 
\im) m (-.1)" C £ •j «^ -1>*^ %IC(3tP))«^  
a «»1 
- (-1) t^ li(»)-
Za «l9« of (14«9)f «Mir proof la now oams^im* 
The fellMiag eorollory l4S a result due to SCardta C^ O, 
Q'f^ '«'»ffY (14.5)* j&l^ Jbi af^ tattoMB j|£ fjaftoraa (14«2) 
tbai| a l l tfta p^ f^lo ff^ tha tmi^ yyifn^ j^  
a le 
H(a) • ^ •k «^ *^  • 
11a la taia nag IL.. 
JSaU^* ^ ^ fbaoran (14«2) aa taks p • It aa aaa tbat 
5\ » B» R • A aad tit«t h(a) • uta). Haa aas* aorolleary la lena-
dlata ttam Thaoxan (f4«2). 
miro roeults 0a tte seroa of the oonposittt poXyaoolalet ooaiil* 
tersd la ttm preoediag sQotloa^eltlisr as etpptiOG^ifxa ef 
Steonn (14*2) or em anotiior direct appUoatioa of Lama (14*1). 
ghttttp— <19«1 )• JUigL HA «fttiii:*i<MM» itit ^"wi^ (14*2)^ 
JQEQAC* fteil«r tho netatiom of Tteorea (14«2)^lf 
e^9 /^ 2 • 1, •§ baw R^  • R^  aaA 
R - { « t ( r t III - |»-:?V|] 
Our theorttB i s noir lisaodlate fxcn Thaonn (14*2)• 
ffiirffil'*lTTf (15«2). In tha a^^^^qnq of ThBaraa (19*1) JX 
J A I JUtt JBSaft JSfiC ^ lift Al llift fliSfllft t • | •• r sxA if tte 
Jimtel8£9S.flC ^Ci) iAft iffi J ]^ a&£S2ft I • t » r. 
JQQSC* '^^ xroof la obTloos fsran fhaorea <19«1) oa 
taking T^ m Tg « r. 
a 
xa tho abota corollary i f «a tal» f<a) • i'¥m* ••• •> a » 
o c 
m fiad that aU tHa aeroB of f(s) Us on tte unit eirelt, 
asaUKZ (19.3). i £ Jbl P^-SaS^ AX 4U Ji» IKSl itf 
8(«) lift fli ^ Hat »^ J&ui AIU Jttft iKSttft iti JM ssQsaBBkkk 
B ^ f tal It 
ILL M Jitt Ittli JttSSlft* 
iXAUJMiaC8ftsi '(*) iJLftlftl>l4Li?2 Aiftmift 
p^ *ihflittlft jtf JAI Jte jssaft Jt s *^) JUkA 4tt JUft Mi^ *"iliiiini 
H • Ra (m**^ ^>) i t** | i^U JlttiUJ^jfismaC c^») lift 
la I • I i »2-
JQCSat* ^ taking Tf « /^f » 0 aaA ^2! * ^ ^ 
ftaaflOPMi (H«S)f wo aaa tt iat 
aaA 
nia zast of tDB pgroof Is obrlouB tram fhaoran (14*2)« 
For p » 1« tho abova reaiilta (pmormi (15.1) -
87 
Vh»««B (19*4)) ten in foot das to ffsimMr QatsU* itaer. Ilatli* 
Soo. 4d(19a)f 289 * 20^ ^ f • al»0 DOf »*72]). 
JfhBflPMi (1g>9)* J££ JBI auAlU ift ***««"^ (H*2) JHH 
jiU ^^^1^ ^KBSltlBflM iA iPfr»oy«» (14«2) y'^ jinfiiili/ili^ ; Uta SMKL^ JiMI 
lUL the JisSflL JUl ^^*) lift ill JM I^flft 
I r^  aia 
•fi^ TTT^ ^'''^''H^'dTiT:!) 
-
JlSSSl^* Vslag tlM scno notatituiB ais la the pgroof of 
Theorctt (14*2 )• lot uo obeorvQ thnt tho hype^iisio on tte aeroo 
of g(«) tepUeo that 0 i /'^  ^ | p ^ | i ^ ^ ' -^  ' for oU 
valneo of k aaA i« Tron this i t tfOlmm that 
•Bdy hmoof tliat 
(19.1) O i ^1 i^kj} /'a 
l^l^/^a l 9 i j j - ^ l l ^h /^2 
for al l k « l y S f . v a . 
< ••• 0 4 i i 1^ 1 
c o 
Tht 3n)8% of tbs proof i s oxaotly the nrnm as that of 
Timstm iua) if m oaOy rapUpe (H*1) ^ (15.t) anl, h©ao«t/ol)y 
V ^ l ^ ^ a * 4 ^ V ' ^ l - ' l ! aad Rjj ^ B^ al l 
alflog* 
ia the riag 
apflo .^ ffae ivoof ie ohfimm trm TtyiooBem (15.9) i f ii» 
tate P^  « ^2^ f^ 9SBA aotioe that tsse ooaditicn on /^ inplies 
that 
;»;, 1 and "'•" " •• < 1» 
l^hP I :x| • p 
She obom ooroUary i s a r&a a t aiaiiar to ?bee«M 
(19*1)« iMt i& taxKia of a Aiff«r«it region oositainiiie: the c«ro8 
of g(a)« Further apeolal oaaee of this oorolliorsr oaa he easily 
fooMlatod on the llneo of OaxoUarioe (19*a) and (15»5). 
C3 
Our mx% tba«Hraa uoes a dl^ fWroiit aspect of ths «iypU* 
oatloii of iJQiBa (14*1) aafi of fare a (sonBraXiaatlon of a 
«t»«na» duo to Mcgcdaa {iO^ Timmrmi (1€»9Q. Xa foot* nhile 
oppljii^ Looaa (t4*1)t «e taJeo arg?' laotoad of i ^^  |« 
s t w r n (i$*7)* i £ i ^(>)t ff(«) j a i Ma) 1ft isiUBii 
fUffwy^ il^ ff doflaad ^ g^ omM «A^) . If ft],], t ^ ffyiTtfft ftiT ^ (*) 
EL 
%MA y i ^ geroa of h(a) Ho M^  ^ BOO tor 
a^ I /^^ • {aia(o« a 3|) i ap« « i / 'g • aa« (o, a ©g)* 
Broeof^ dlar; ao in ^e xi^ ^^ oof of 2n»orflB (14*2) 
and tMiag tlia oirao aotati^as^ no •mily isfar that 




(15.5) Pk =^  »^ '^  y &«• n 2 , . . . , a . 
dd 
m haim eOxecAjr ahofim in ttm proof of The»oreB (14*S) tb«t 
lk(8) m b^(s) e ^ ( <^  ) . It resialiia otOy to nhxm tliat 
(15.4) 2(h^) <= S^ . 
If tie vrlto 
than A« A* n D( (T^) m«oh l^acfc S(jf) c s^ « A O AS olaoo 
/ ' s **/^ 1 ^ ** ^ ^ ^ ^ (19«^) anS (1$*3)t i t now iMgli''^ 
on applying l^ eoBa (H»1) oeparately to the &ete A ood A* 
that every ooro '^  of !L|(S) Batisfles tii0 ia6<{ttaXitioa 
and 
/^ ^ • alA (pt 0^) 4 apg ^ i / ' t • « • Biaflc(p»02)-
Siaoo //^ • ye/^  < «« «B baf9 
^ • ala (Ot 0 |) 4 «pg 9^  i /^2 • BOX (p# Og)* 
X.0.9 (15.4} io true for a • 1* IfoiPt (19«4) can be promA 
for a l l n %y Qathei^atioal indnctAon. 
£^ IBSSlK* ^^ oonditAon 
B l 
I • , I • I ©2 I 1 ^ 
ia tb0 al)Ove theozMi IUID beta tsbsm priatfrlly to mrnxt^ th«t 
S^ i s a ooafttx ewitm ttae sXl k « 1t2t**«t a* 
far p « 1 f tbB atew tlxiooeaa ia a roauXt dm 1» 
Iii«r4»a (lOt SlaonHi <16«!l)]t C 12 ] • ^ t e thi^ for p • 1» 
9mm n 
fliB oliim% «f tide olwapt«r is to etudy tte aoros of 
t!»» oaiq?oslt# poIjnuBlala n^oh ariao a« Uao^ oamUjmtimm 
of a ptflyaaBlaX aoA its (f^ rmPL) AerlTatliras la m sOgebral.-
oolly o]«Md fiel4 K of ohoraotorlotio eoro* Ooar noia 
tHooroB owKtomlag tht ooroo of atioh oo^poslto polymnialB 
^998 eertfldii iatorootlag reaolto #iioli» iMioa applied to ttm 
omtslmL plaaSf famish isafoto^mA ymniom 9i tie oorzeopoadiiig 
eX«98io«l VQsults duo to Viasli C 9^ ] f MfloNlett C tO ]« anA 
Xal»7ft [ € ] t i^ profOBMttt in tte eeaeo that m mm generalioed 
oirottXar rogiwe iaotoad of th* olasoieal oooo. 
sootioa "^(X) (i*o^ ;»« "^((H)) mA Z(f) iiiU» xeapootiiroly, 
donoto the olam of all poljmaaiala of dogroe n f r a K to 
K (roop* C to C} and tho set of aH aoroa of a giwm poljr* 
aonial f• XB ^lis aaotiea m shall irlaurily atudy ' ^ aoroa 
of liaaar oonihiaatiaiia of a pol^nanial aad its (fozaal) deri* 
T&tiws i s '^(X)» Tron oar aaiii thoozan we ^htaia oartaia 
iatoreatlng rasolta oonoemiag tha aeros of sash ootsposita 
poljnMiiials* Za ordor to profo our laaia thsoxva* as establish 
ths f oilloiiiag IsBEttu 
)2 
3 
j^EUi( i6 . i ) . i ^ f d "^it) SOU ? ( t ) - t ^ XflB: 
(16.1) 1^8) • ZI 1^ f (»)t Ik « K (lo / 0)» 1i«^^ 
1^ P (9^- B) 
Ifi. ABtfLflSl JIft f ( s ) « 
j|0 tief Qpe «o eliall follow ths oonfention that 
kf » 0 i f k <0 « ^ that 0(a« !c) • 0 for k > a or k < 0. 
If f ( i ) • X 1^ d*» thoa (of. D@tiniUm (3*1) £0d ?ropoei-
tloii (3.2)) 
t^^\m) m tl (kl) 0(B.k) ^ rf»-'^ 
XI (kl) 0(ia,k) 1^/**^. 
Tron (16.1)» no thereforo obta&n 
^ [ A IMC 
h(«) - Z _ 1,1 2 _ (kl)cOa,k) 1^ 8 kmO 
I ^ %i l i z CW)G(ia,k)l^B i»-k 
J4 
TI1I0 In^pliQS tSiat 
HI) - E is»/^» Ot 
nbore 
SlttO* /^ • X^ :|(( 0 t Propoeition (3.6) IS^UCB that ta» 
0 | ( l ) • ZI M ) 0(tt»i8)yWj^  B*« 
i s apolar to f(s)» tlov^  w coopatd Q^im) la tbe desired 
»l(8) « 2 - (-1) 0(ii,a)B*" j r(W)C(a,le)l^ 7 
9 p a 
(kl )0 (ii,k)ljj 
v^k iH» 
1) C(mn)(W)C(B,k)9' B 
(a»k)C (ii-]e«i»*k) 9^  (--B) 
] 
] 
J l " »»k (»*k)«(i»»k) 
2 , o(».k,i»-k) y (-8) 
- t. (kt)0(ii.k) 1,, (2?- a) 
ft-k 
v ) 
m II X^v ( ^ - B ) (cf. Definition (3,1)) 
ShiB ooiq>lstec tlio proof* 
Za vi^ iQft ftfUowOf m shall ladLte i 
A heim a glTsn subset of E and A^  a c i ^ n eXaiaeiit in K. 
9o«t «o procoed to pro'm our cu&ln tlieortm of this oootlon. 
h(a) T V <«)• Ifc « K (lo l< 0)f 1iR&»-
^^>) M J£ jyUft, XflSft'^ « a '»'^  foar 8CBQ eleamrt a ^ A fH^ 
q 
2|ia;|^4g» Z(li)^ (J <A 4> 9j)« jjiKSft 9<f»*»*»^„ aro the 
1-1 ^ 
digt i f lpt «MpQa of ?(s )« 
J* Xf 2'«| Z(li)t liOEBBa (16.1) ln^UoB that f(B) 
iB apolar to tha polynonlal 
(J(8) - 2_ l^P C^'- a), 
a 
wtoro P(t) - t for ©wry t n K, siiio« 
(k) n-le 
«e haw 
Slnco Z(f) ^ A flOd f i .0 , ;PI)0Q!rei!i (5.5) liapUoe the ejclBtenc© 
qf aa eloaeitt a e A such taint G(^ ) •• 0. aemet 
P zwk 
a<a) • Zl (W) 0(n,k)l,. (3 ' - fi) 
- PC'^'-a) 
• 0. 
CoaoQquontljrf thoro ©^iats a aero 0 of F(0) suoh that 
'^  •• -t • fl« That Ifl, thora erlst eloBetj^s «t <$ A ana ^ «; z(f) 
ouoh that '^ m a • fi ^  as naa to he pro^ red* Th© ooconil part of 
ThQorcB (16.2) i s now ohvlaiis laid ^ are dons* 
^ eatablloh the f dUoviof; corollarioD m appliontloas 
of thB ahow thooren. 
i^ fisaUfiss ci6*3). stissj^ mt ssAmBim, 
7 
^ (k) 
a( iL.)^ U (A * p . ) . 
^1»***»9A ^ ^ ^ (lietiaot z<s^QB of S ( E ) 
«^ Zn tha aotatioao of Thsoaram (t6«2)« I f ne 
OhO^ SO 1^ a (»*k)t tl,^  y «B 1300 tllOt hCs) s \ ( > ) 0^ (1 
F ( B ) « (at)g(B)« How tbe proof tiBMdiatoly folloivB fz«B 
?Qr the oaoo iriiea C « (T , 'Uie abovo oogr^ Llflgry i*iveo 
an fsspe^mA iperBlott of a xosult dao to Volah C ^ 9 1 (of. also 
!far<toii [lOf fli»orflB (18«1)]^t iis^rovozaant l a th i sense tha;t 
«o use genorallaed ('Iroul'ir r^^oius of ^ ^ iDBtoeA of ^^ 
olftoeloaX oaos* 
OiyyallittMr (16*4). SXBA ^ 9 "^ (S)* iflj^ j^ L ^»^^y^ 
h, (B) « f (B) - 5\ r (B) V S « K. 
1£ Ae^(Kco> msikiiis^ z(f)<^At jiiea^C^)^ A U (A'm9\). 
03 
*. Osiiig tho aotatloan of fhooreo (16•2) and 
taXim P - l f l ^ - l «al l , « - ! \ f«e obtain 
!i(«) • 11^(8) • 
ii»1 
?(«) m 8 (»-tt SN ). 
Slnoe 0 aaA ii!X iflp« tXie cwOy seroe of P(a), our corollary 
ftfUetro flrcai fleoroBi (16«2)« 
?«r K m C f tha alx>«8 romilt rtives aa tsprow^ verBion 
of a reeiolt due to Mardon [10» Corollary (13^1)1 • 
Oftgallflawr (16*5) • JX ftS t ^ ( K ) i||£L]^  J^ j]]^  
Z(f)£S(0»r} ja^ Z(g) ^ D(0, o)» jjHiBIS, ^(%V) (l^SS* B(0»n)) 
^ -^ tya b ^ ^ o ^ . ?iLgf rt WiiQ ^th *^^UV^ ^ and rai^ UB r 
^ (k) 
hCa) • 2 - :^ f (8)» x^^o 
11a ^ S(Oyr 4 o ) . 
2ESS£k '^ <t 9 2(f)t ^ d Z(s) flod ?" 9 Z(h), then 
( o f . TtHQOTm ( 1 ^ . 2 ) ) 
I 'a' I - la • ? ! i U I • I p I < r • a 
and the roault follosse. 
For K • C t Corollary (16,5) 1B a reault Aw to 
KalOBjna [ 6 ] (000 also Ketrdan [tO» p« 9 ^ } * 
m on appUcatiim of 7i)^>r«i (16*2) in the ooaplox-
plans • m PX^ t ^ folloviag 
qach t ^ Z(f) Q S(0»r)» thpn ^m JQ)^  a^oo it£ Jig. SSSiSz 
h(a) - Z-. /^ (»-lc)t f («) (1 i P 4 a) 
£5et 
k jj. Puttiafi ^ * / ^ (n-k) 1^  l a Tiieoratt (16.2)^110 
/ .X **^/P P-1 2 P-2 Pv 
• Cal) a V® • / / » • / ^ c + . • • • z^y 
« (at )s (""'"•' ^ ] yxi^/u . 
Obviously (since 7</^) ^ o)« the mily soroo of F r^ re the 
origin an! tho roote (ptbor than fJ^ of the er^oation 
p+1 p^l 
8 m JU ^ 
If <^ jj (k « 0»1t«ii*t|») GfiPO the roots of thie equation ana i f 
^ m jr©^ ®, than 





1 (0 • — — ) 
p*1 
k m 09l,,,«9l»« 
With CO m u ^ !n»reforot *l» soros ^^ of P are given 
hf ^. » 03^ ^ (k « 1»^t**«fp}« D^heoren (1€«2} ttiiiii Bay?that 
©very ssro ?' c? h(s) Is of the f oBcn '^  • « or 
y m fi * ^1^ ^ • If^f •••tl^ for 8flD9 oooplex mabor « 
fiiaoh that t<i I < r« FiaiOlyf slaoo 
I *^ J |yt/| V k - 1 »P* 
xm see th^t either 
or^olflOf 
I - l^ • U I <» 
l'3'l < r • \/u\ 
2hat I8f ia oithiir oase* 
\ll \ < r 4^ j / / | 
and Vxe result foXloas, 
gite oooo estfsiplee to ahow that oar rosuite in Sootion 16 
oamot IJO further genorolisBnd in oertain directions. Our 
first oaraople shows that fh«>or«a (16,2) «id OoroXlari<?8 
I'Jl 
(16,3) • (16.5) do not hold, la soi»r«lt for mmali?©brFiicany 
elosod fields of oharfioterintlo aero* 
(17.1)* &}t K^ In aBflKiaaX ord r^^ d field 
km { - l j . and lot 
f(B) • » + «2* B • 1 1 (•^•i)(»*i) y » 9 K©-
tteB K^  i0 a nooalgobarftiofaiy closed field of charaQterietio 
Boro (of. [18, pp. 235-e»3)i 11 '^(K^) ouoh that Z(f) S A 
(oiiice B^  • 1 omwit tiKiish [?i p*36])t i^»e A io a mm^ 
raliosd oirooliV rosion of K^ * taklii^ p « 1, 1^ • t and 
1^  » «»1, tie mo that the pOl^ rnmials him) and f (B) of iHiooren 
(16.2) ore given Ijy 
b(») » 8 [ (B»1) • s it 
F(») m B^.<«-3) . 
low al l thB horpatheses in 3%eor«i (16*2) are satisfied, trtusreos 
no oero of h(») oan be exprei^ iiod ia tlie foaai ao ololaed Mr 
ThooxoB <16»2)« Shot i^ » Thoosrcai (16.2) ondf benoOf Corollaries 
(16.S) •» (163) do not holdf in geaoralf far tlia field K .^ 
Tho aart mamsUfi Bhmm thact XliaonBi (16*2) «id i t s 
omrolloriea oaanat l» fiarther g^wralised ia tie foHoviag 
oeaoa t The geaeraliaed oirooltir regioae A (eaplQyed ia 
thoaa rosxats) oonaot be replooedf ia gsBenOt by genDralised 
oironl^ regiona adjoined tdth arbitrary subts^ ta of thair boundary. 
(17*2). 7aha K « (T # 
I • • ) ' 
B 1 ( m (Z: I « • ) < 0 j U{'-i. 7/5 j , 
ana 
f(B) • 5m^ ''^.z-? vnn € • 
Thou f § 'Sfc^ Z^ ) mieh that Z(f)^B,iirt»ro B |< D< ^^ co) 
bat th© iaterior of B aiocs bolong to D( (C^)# For p « If 
lo «• 1; X| • | t tlio pOlTiMeileas h(B)f F(8) of 7b»or«B 
h(s) - 5«^ • 5a - a, 
Sow It i s aaosr to imrlfy taiat ?* • a/5 1« a aero of h(B) 
whioh oomet te tirittoa in the fozn as eXatoeA by Xboorm 
(16«2}« 7}ii3(t i s , i t no lOQ^ Br holds utian A ie reploood by 
tha ahova tset B, 
VinaUy* «o giva tho following ^araiae to aapport our 
ooatentiim that fteoren (1i*S) m& ita oc^rollariea &o not hold* 
in Ksmoralt for oonrex anbeeto of K* 
(t7.5). Lot m tale K • (T , A • [-It l ] and 
fCa) • «^  - 1, so that t g ^((Z!^) oueh that Z ( f ) e A. For 
P ** ^  f 3.^  * 1 an6 i^ • •'if i t ie seen that ttia polyncniala 
hCa) and ?(«) of Theosroa (16*2) are i:i^n tgr 
1 "^  o 
2 2 
h(«) M S - 2iB - 1 • (B « i ) » 
2 
?(a) a s * 2iB • BCB «* 21)« 
and that all tte hypotheses of Theorem (16,2) ore natlefled 
with A token as the a^ soirD OOJIWRX set . But ISte fsoro ^o 1 
of hCa) oiumct be vxrltten in the fcam <; <f 0 for any 
« © f*1# 0 ana ^ 0 2(P). This eotabllohcD oar olala* 
Xn vrevtous chapters m sttadiod tte location of tte 
•eroe of oortaia ocBiposito poIjraaBaal0 in «a osrbitrary aXesb* 
raloallj OXOBOA fialA of oluraotorlstio tero* Vtailo la this 
ohaptor and the suboof^ ueiit ono no 8«itoh over fros ths nodem 
aspdot to ths olassleal thsory and study ths looation of ths 
seroB of yst anothsr olaso of oaspoeito polyaonlals, ths 
0O«oa22sd Stislt9«8 and Ton nook poljnMniaSji (<Sf • sootion i&), 
la partioulaTf la ths flold C of oemplhsx. mnhers (irtiloh ls« of 
oourast aa ol^ gslaraloalljr oloosd fls3d of ohaEr«9tsrlstlo ssro). 
T.J. Stlelt^o C 1' 3 sad B.B« Taa TXsolc C 7^ ] (of. also [lOy 
P»Tii) «B^ ^^ first to study ths dlRtritoutloa of ths soroo of 
siioh polyasalals* Our tfbjeot la this ohaptsr i s to gsasrallas a 
thser«n das to iCardm (10« ni»orsB OflQf C^l 1 oa the 
looation of ths soroo of Stlolt^se pOlyaoBlals aad of Taa tlook 
polyaoaialB. Our gsaaralisatioa i s two-^old t Fir8tly» as ass 
sots «hioh m9 raoro genctral thaa ths oaos usod hy Hnrdoa for 
prosoribiar; ths looatioa of ths oonplox ooastaate ocoorrjw; la 
the csaeraliesd Low' diffsreatial oqufitiont Soooadlyt Mardsa 
deals oaly fd.th the staadard fons of the said differential 
sqttatioat ivhsreost oar renults are e<|aally valid for yet anothsr 
foXD of ths Saras dlffereatial eriustlmi* Tfm naterial la this 
1 •) 4 
1 .'iq 
chapter has alroady appeared in tin UTana* 4mer. Hnth* Soo* 
IS* i«tgttdiioti«i, A gsaaralisod L W dlfferontial 
•<}iiall<m i s a BooQad order llaenr dlffareatial e(|uatloa of 
the tuam 
(18.1) d^ w 
d«2 
9 
J-1 /(-•p dw da <lc2; i^*^  
.V • 0» 
where <^  (a) i s a peljiioBial of degree at taost (p-s) and m4§ 
Aj are ooaplex oenstante* aeilaa [ 4 ] showed that there exist 
at nest G^ -¥ p » 2^ p « 2 ^ polyaoaiialo TCs) smoh that for 
<| (t) « T(a) ths eetttation (10.1) has a peXyaooial solatiea 
S<a) ef decree a* Baoh poXyafloial T(B) aafl the oorreepoadiag 
pol3FiiaBial 3(a)f aosooiated nith the differential equation 
(18*1 )• are respeotifelSTf oaXled (jlO, 9*97] ^ 2SA S^SSL SSSLSs. 
JflMHil '"^ a s t ie l t iaa iwlTMfftftl (^erdea Ol1» P « 9 H ) cal ls 
?(a) as the Qhinrfla^yl^ BtiQ jtAl&flBi&L^* 
ito shall be i^iaarily interested in ( tK^zniitiiig the 
leoatioa ef the seroe of the systeeis of peiyiioiaials that srise 




• w « Of 
wter« $ (s) lo « po2j!iaiaiia of degre« edt aoBt (|i)-*ii2-»>«»4tt^ <-*2) 
ana a^t bj^» aoA s j ore enltablt oongpHex oonBtente* m B«r» 
o^wiYor« note that tte difforeotlta «<$aatioii <18.S^ ) o«a almsys 
IM} mrltton la tli» fom (td«1) by cncpireaffliig (Hioh fjrapHott (ia 
tbs ooeffioleat of dv/ds) Into i t s partial f]raotiefi0« eoA that 
(18«2) i s ia/'doed of the foca (18«1) ia cane a4 • 1 for «U 
talttss ef )• CoaBoquoatlyy ttero do ozist stielt^oe poljraaaiale 
S(B) Mdd Taa Viook pelsraoBials ?(•}# annooiatei aith the diffa-
reatial otittatimi (18«2). 
Xntaot,ilm atieltjos poXjraoiaials Sia) eoas ia th» 
ponriow of ognposite poiyaanialB «s oooa ia Hia foXlowiag 
disoaosioB t 
?air A ni^n mot of OOKSHMX aanhira ((^••••tOp •([! 0^  1 0 * 
lot us s^Booiate to eaoh polyaooial 
f(s) • (s-»a|)(0^) . . . (»-«p) 
1J7 
Stea us roa3JL80 that S(s) satisfies tus dlffto«atlsl 
•qutftlon 
«lwve dsg f » p« dsg g£ ^ p*1 and dsg • j^ pi^ • la othsr wmdst 
stieltjss polynnHals sCs) ar« eo^ DOSits v^tytumitO.^ Hnt^mt 
via a usU-deflaid jnOs Aran the al^fe pdynonlals t(^) and 
T(a)i ths rule being InpUcltly defiaid bj i^6 atb&ve dlfferea* 
tlal equation. 
Zn order to mfoiA repetitions ef long esprf^ ssloixs aal 
ittmeoeee^y details In treatnont of our proe£is thereuitboift the 
asxt Be<3tioa» «a shall fJr^ ely use tiia foUovlnB abbifevintlons 
and ttotatloas i 
m alall denote by 3(e) the mh detpree Btlelt^s pel9>» 
nocilal oorreapondlas to a 7an Tleok ipel^ moBlal ?(8)« eeooela^d 
with the dlfjrereatlal equation (18*1) or (ia*2)« Ttm eeroe of 
?(«)« s(a)« and S«(s) will be denoted by tj* Sj and sj* 
respectively! «o mrlte 
(18.5) 
l l j(s) m f j (8} /g| (8) 
tor ttmry j « 1fS,. .*tP ^ t h t te ooavQatloa that f^im) a 1 
for ttj « l ) t aaft 
P 
(18.4) ?( • ) • Z l a4*li4(«)' 
^•1 * ^ 
19, ^litf amomnmaipw iiwiiMaa. In ord«r to prove owe aala 
tl»«reB8, «• ni«d to dstabUoh tte followliig laxanoff ea the mros 
of tht poXyaoHla20 B(u) naA T(i), Xa ffict thsm lonna? dxpress 
th0 aeroB of Sim) end T(s) AS roots of o«$rtc»lii equations. 
(19.1 ) • JSuBgy jg£8 ii}^  JBl M Attl MSSSSL ^ t l a l t i ^ s 
SSASBBUUk S(s) . aflsoolatad with tha dif^a«^||i^tal oaiifttifltt 
(i8.2)» jyiti^L]iaEiaa£t JI&itftiLsysi i ^ O H i P i i l B i a p 
1 ^ 1 
(19.1) - F C S J * 2_- — — — m 0, 
n 
:• lot 3(«) • J i (« - « ^ ^ a stloltjos 
1 -Q 
poSjmoelal oorreapenAing to a Ton Tlook polynoile]. T(t). 
ia»tt (of, abtroYlatiqao (1d«9) - (18»4)) tte diffitTeiitial 
eqitatioii <1d«2) oan bo i«ritton as 
(19.2) 8»«(8)^( i ) ,s«(«)* 
• ( • ) 
i*^  <») • S(s) » 0« 
thB oquatioa (19.2) bacovtos 
(19.5) S»«(«jt) •F(i,p.S«(i^) • 0. 
If a|^^ •jpf thoa two oaaee oro to be ooaaldoirod t 
2aaa 1. s»(^) « O. nuta^ the e^untloa (19,5) OB* 
suoooooiwly differoatlatia^ th0 otiuedioa (19 2) m ob«iorfo that 
S^^(ijj) « 0 for fill n» w i^loh oontTBdlcto th© fiiot th».t tbo 
dogreio of SCs) i s a* SsncOf thio oaao le iapoesible to 
hasppoa* 
SAIH 2« 3*(a|P:|iO* Siaoo 9^ is a aoiMrei»atod IMTO 
of S(a) la ^lis 0Qe;«9 «» oaa vnrito S(«) » (•»a|g)T(«)« vboro 
f (a^ :^  0, Tborofero sHw^ m Tia^^) tmA 3**(IIJP « 27* (S]^). 





niifi establisboa otir olaiia TOgarAliis th» aerwi of B(B)« 
> Zf t]g i s a Boro of ?(•) and If Bit) i s 
eorrs^ponaing stioltjoo polyaoRlalf tliea fittm (18*?) tK> get 
Ill 
If «k^«je ana oHt^ ^ 0, Vwrn 
• 
(t9.5)f i t foXlova that 
-j^(t^ .1 H ' V' • 
t^-«i 
That li5, tj^ sfttlKfl«0 tfeo «(KUEttlo& <19t4)» The i^roof 1 P new 
CeSEp!L&t9a 
t i « a «9 gomoraXitfo a thoorea due to Sfar^tii []ro« iThocrMi ( 9»1)]# 
C 11 ] CA tlk} loofttlQii of ths Kisrtm of Stleltj<«o aad Ton Vleok 
poX^nonliOo, oNooolotiod idtla ^ a di f foroot ia l eqtiatlott (18,1 ) • 
oae ^iMscalittatlea l a two-fold t Firetly* m use aeto whioh aro 
sosrts ^ a o r a l than the f^ i^ a used ^ llfurdeii for proacrlblag tho 
lOti^tiOR of tho points aj (of* (13*1 ) ) | soooadljt Mardaife 
^MoroEa aoal» « i th tha polyooalalfi s (a ) aaA TCa) in re lat ion 
t o (18«1) 03il2rf ii^retis our roeulte aro or{uall7 Talld for bo'^ 
ths f&twa <13.1) and <18«2). 
12 
W^ now sorooeed to profB our riala tbeoTWi. 
t , (l • •^/a) a«e?' 
l ift M iBc idBBiik s» JSeii jaift j&iM ist jutt& a & s ^ ^ 
lift la ia»o oiittiiay re^an 
jlliyai i| m mat *h •*^» • • • • ^ • 
£Q2fii* ^ ^ X^9 <^ ^^  a olrolA C «ltli contro at the 
p^iat 0 am! r^lus aa 
R* » a 800 I [ C<r1> • eoB*\ l /? i ) j / (2c!-l) j . 
Supposet oa ^^ oontrarj, tbnt oaB or aoro mros B^ of fi(») 
U« oatoiflt tho oirolo o azU that e^  le the oae fdrt^^st 
froa the ooatre o, so that all th» soroa of fi(s) l lo oa or 
/ • I 
/ • / 
U~ © 
•'tl?f 
" • . . / 
p 










inoidt «w oirolo 0< giv«a by |»<*e| » |«^|« li«t Of 9% 
rofspMtivolSTf d«teto ^M amtte aiv^B vihioh th* tme.tinta froi 
s^  to th0 ollip8« B Bate with tbi taai^ii^ at ths point 
s^  «n 0* (se* Figaro l)« !fe«r j«la v^  to tlie oontro o of 
the olUpee by a straight Xiaet mtttiag tlio <$iro3« C at a 
point P C<i«9^ * 9o» droir tli» tongonta ?A* mA PB* fM« tlio 
point P to tl» oiXipoe B. Ijat y f 'V^ ' 0!«8p« ^ $ 9^" ) Aoaoto 
roepaotiwlyt ths aqglea liULeli the tangonte fsnm tho point i^  
(r«)sp. ?) to tho oUipao naSos with tho line loiniag ttm p^nte 
a^ ^aA o figure l)« Siaoo ai is euteido C, «9 see that 
y < ^ 9BA I^'K ^\ lat <P^ (reap. $^ )^ he thi aascinai 
value of ^ (reap* ^ } oorreopoaAiiie to all poeeible poeitiona 
that m^ ooiild take on the oirolo 0*« Xf p(^vp^ P^ d«iotea 
the length of the perpenOioiilar dropped f^ on the oontro o 
iq^ on the tengsnt PA* (reep« PB*)t ee BOO tlmt 
Sin ^ • /7n« (reap, sin 5^ '» -^/R ^ 
anA that <P (reap* 9^ ^ tateie a naxiaan thine ahen P « a ( reap* 
P m t^t Thereforo^  
(20.1) Bin ^^ • Bin J^ ^ • eo8{(^l)a • ooe*^(lA)]/(2<rO. 
Vow tte definition of 9< inpUea that 
1 -« 4 
^ _ £ . ^ 
Ueiag those iiiBfttsalitios* w oaa easlljr t«rify l^ utt 
(20.2) 0 iL {(t-O" • o«B*KV5\)] /(2t-l) < iV^ 
ftnd tiia,t 
(20.5) — — 1 -; >11ISP. 
Siaoe, V*< ^ 1 ^^ anfl V'< ^ ' i Ji^ t ^w« (20«1> «** (^-2) 
«e ooaolttil« that 
•ad that 
Ooii0e<|ae&tlyt dus to the laoqtttiUtifiS (20.3)# «i h«m 
(20.4) «•©• > - - - - - - - - - - - - - - - - - — . - - . .1 / ^ j (oijr) y J « 1,2, .. . ,p« 
I'et 
a 
SI !(») - n (• • "j)-
tf ttiy s9xt> i|^  of s(«) is om of thi peinto «^f thtn i t 
115 
l iee la 0 aaA «e eore dom* IldivQiror, If a sero 8|^  Is none 
«f mm points a^ n* tlien (of, Leiaaa (19*1)) B]|. satldfles 
tho equatlott (19*1 )• Xn partiouXor (for k • 1 ^t ne have 
1 ^ 1 
1Risr«far«» 
:.«v.(w. S (i-^) 
>B " «1 - »J 
0 , 
«bMr« it| i s aay point on the tangont drana to the oixolo 
|s «• o| « I «! 1 at the point s^ f i*o«» 
(20 •5) 11 dt/O l«eV i - ' j 
Sinoo aU tlie soros a^ l i s la t»<ol j^ {s^U lao get 
(20««) 0 < iflfg ( — — ) < a V $ m ?,3»,,,,n« 
BOartf as also oteanro tliat tl» laaqualltleo 
(20.T) 
1 i r-> 
(20^) 0 i ggg ( ) d » - ^ * 
•(ar^)(*-/ ' | ) 4 a^ e 2(-^^ • i - ' S 1 ^ (n^-l)/^j 
MHA 
<'»j<^-/'j) 
f«r aU felines of j • 1t?t**«tP« O^ms the si^me i2i0(]uaUtie8 
ana tHa fiavM of /^j f^ o^n (20.4) # a eUgoOe oeXoalmtlwi jrlolfls 
tbo ioUovlfle liiBquaXltioei I 
(20t9) o o o - X i A ) < tOfB 
< H - O I » * ^ ( l / ' X ) 
for mmtf | « 1«2,,,«,9« In new of (20.9) aaA tb0 hn»otbeeio 
«l Ojf «o oozioltiao tbot 
1 i 17 
(20.10) 0 < tfrg < H 
for efwry J • 1»2,.«*i^ mmmt in tiM l i g ^ of tlw liiifiMUtiM 
(20«6) ana (20.10)» 1 ^ laafsiiiary port ef •aBli tern ea thi l«ft 
haaS d d t of e f^oatiflai (20*5) 10 posltivB. Thin oo«tr«ailoto the 
f»3t that 1^ Bat&ofles t3i0 eqtietioa (20* 5)* Shsreforo «U tlM 
mroa of 3(8) l io <m or inside tho olrols 0. This o«qiil«too 
tlio xvoof of 9KC lOjooonm* 
jQimggil (20«2). Hf^y |ly> l^|t^fjiy^|i|^ n^ Hflt^tiaiM o^ 
!^ag«i (20*1)« Ma jB^ iP^  iC .laaft Jhn Itott atiJMMiUliii ^ ' ) 
jiiOTrtiitfft juai .^ft fliJlIfgffffittiai jaaiaiau» (io*2)f jU&iB JQ& 
I M I 1 a 8«o|^{(q-l)ii • 000-' ' ( I /A)] /(2(rl)J 
2sa|{« frooeodlQs as ill tie oasa of Stialtjos poilyiMBlals 
^ f • ^0 proof of ThaoxoB (20*1 p anA asooBiliis t^ to lie a soro 
of T(s) lying out side tho cirola o «ia fartteat tram Htm 
oontro o* m neo that fsHX tho seroo of T(«) Ua ott or Insido 
the olroia 0« glvan hy 
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Our prefloQB dlo^igi (Figure l) renalne th» mm 93CQ«ipft that 
t^ repli9«oG0 A, • Zf t^  ** *|0 • ^^ <^  t^ ^9 in "& m& Imm* 
in 0, In ooos t^  i s a eoro of s*(8}t then tlie Xmoaa tb&or«i 
([10, Theor«B (6,2)]# [ 9 l ) together lAth Tl»«r«i (20.1), l«pU©» 
that t^ lies in C aoA, heaoa, tho th^ soroB foXlows* In ostm 
t^ is not a aero of S*(i}f than (of, Leaaa (19«2}) i t oatla* 
fios th0 aqa-itioii (19*4) vdth lc« 1« liiiloo 
F(tJ • Z l — — m 0. j*1 * ^ -'' 
*1- «j 
SNKrafora, 
and t^ - «l 
viieTa u^ ic any point on ^le tangent to t^ ie cirolo |»-e \m\%^ \ 
at tim point t^, i«e«. 
<»•"'S <-!' m ^^^'5*^v^^ • 2_ '" , • 0. 
Siaoa the pointe BJ lie in 0, m nay replaoe s« ^ al anA 
a, ty t^  in tha inequalitiea (20«G) and (?0»10) ana obtain 
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< apg f» W H V I • 1,?9«««yl|l-1« 
*1 • • / 
tOA 
0 < arg 
^ " H B ^ A^ i^*4^ 
".'•^ (^ a^o < n , 1<SJ^, 
CoiiB«<|aeiikljr« ^^ laaglnflcry part of eaoh tens on the left haaA 
oide of e(|iiatioil (20«11) ir, poritlTff* <«Jhloh ooatradleta tli» 
faot tliat %^ satisfies the (K)tuitioii (20*11). Hsaoe» «11 tlis 
Bsroe of T(s) l i s on or iasids the olrols C ond our ixreof 
i s oonpleto* 
in inniediats ooasd i^ueiios of Tii»oTmis(^0*i) «aA {^*2) 
i s tbo follovios re salt 9 ojcolusively in toropi of ths differsatlal 
equatioil (18*1 )• 
J2jgamgK2 (20*3)* J j ^ @ 1» an e l l i m a y^% gg ' t o i 
j l j d ^ j B j ^ Of ff8BtfrBfl,tflr a t e M it jal g?gffl^ rtgm •• 
XI 
1/fe ' 
I 890 0 
Ififlpg a j l i , cos'*'* (1/9.) V | « i 1 » 2 » . . , t p 
(-.Ju 
jussA at ttsfe Ite Tlim> THilTnnmlnT •(«)# uBiaalaM lUb 
Proof* Za 7boor«Mi (S0«1) ana (20«2)f If we tate al l 
a.^ tt to IM t ^•»«^(| M l^f th0a th0 dlfforeatial oqitatloa 
(18*2) rodtt098 to tli9 dlfforoatial «<|uatloit (18*1), Hith tlM> 
ooaatsBto aj oorveeponAias to this ooastaats m*^$ aafli 
OorollGry C^ *^3^  io ttea otivioas. 
7!io feUo^ag ooreUasry is a speoial caoo of TlmoTmm 
(^•1) «Bli& (20*2) for oisoXoa* 
Qi>»mijflrr (20*4}• JX 
ABd u J U lift ttiou ^8« ^jt dsflggm^ la ja> ^ffgngftiii 
•iiuaAltta (13«2)) ;Uf jm jK fqeid^ t ty 2|Sflll|t 
0 t j 8 - o I « «, 
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|»-0| £ • 8«J [ l C(|-1> • ?' ] /(2«j • l ) | 
Igff^. In ThsoreiaB (20.1) aiii (20«2)^lf ii& tea:^ } c • 0 
(l«««^if B 13 luitoa as the oii-^ sXs o) , then 9^  « BOO?' leid 
Vas omeollteey $93^cm at o2c«« 
(5«p 8«w flit P»957j^ » ti» proof ^ing «l«ilsir to ISiat of 
OorolUaey (S!0«S)« 
i f 
ladL ^f «M l&t iauUttfi 81J l i f t iA its. ^ M a M& JgirQifi 
0 I |B «* oi » m« 
aach Taa Tlnftlr Yicflin«Biiil. fiattooiAtiid «ith thu diffarairtiiil 
at^tlnq (18 .D* jy^ jsi ^ ^p^^ ^K oi3f(|'lj^  
22 
C* • l i - e j • a BOO y » 
gmg2|^ It nasr "^ ootad that ths theorea ne statoA 
OoroHoiry <S0«$) with o « 0* lot tlie oaiae proof as £;lv«a 
IQT Iiiit Is valid al0d for tho c^ ii«Eral oaoo «^ii the centre o 
i£» not aBoo»^ i!ariljr at the <3xi^,iAm 
As m a9pliea(61oii of ThoorQm <^S0«1) OIK) ( ^ . 2 ) , >n 
parofQ tte folSoaUie 
|si £ a a«o 
SlUi^ ^ « MOC 
j(<r1> • 008"^ (l/y") / (2»*l) 
ft|fll2f «**»>lp ' • 
3^t 3^ denote tlie oioiied iatorlor of an elllpee 
By with oeatre at the origlat seat-nftjor axis aiB at and eccen-
trloity et mA let 
'9 





«»& (^ 1«« / s ) oeo^ deoreaods oonfeiauooBly fliiA aoootonioally to 
/^If&l^ seo?^  as • laoreAi?o8 in [o«l), (ibtrloiiely, th»a 9*ii,%)^30 
for evinry e n [p,l) aaA ^^ d«Ksr«a^ n RoittlisimtBly »a3 B<III9^»» 
aloaSIjr to /^  «« • inoroAoea in [Ofl) ^nny to mriff thin etato-* 
tsBSt for iAm oapes 9!»fi ^ ^ «/4 «»* ^ > «/4» 5^«p«»tivol3^» 
Thorofoam^ 
(20.12) jarg 8 j | 4 059** ( l / / / ) 4 ofo-^ ( l / ?^^ y o « [o,l) 
(20.15) •|,.1>^ ft S^  K • t Co.l)| l i t o i llis^^ji 1it«&i|.1. 
In Tlew of (20,12) csnd (J*0.15);ti» <i«ii apply ThaoreaiB (?0«1) 
fisft (SO.?) aol co»5li* .^o that tliB jseroa of e-ioh S(n) aaH of oaoli 
V(8) Ue in 
i«| 4 a 80O 
( t - 1 > •ooo*^( l /?^^ 
-^ ^Q (»«l) t^««COfl). 
Slaso >\^  deoreaeeo ooatinaouBly and nonotonioally to/^M e 
laoreanao In [0,1% m ooncludo tiiat R^  dooreaoee oontinieiioXy 
ani aoaotimioally to 
1 ' 
m naa 




finally* i t in oae^ to aoo thist tte seroe of @aoh S(s) and 
those of OflOh • ( • ) Ho la | B | ^Tt* For* otherwlso. It waeOA 
ooatrwUct tiiftt tl» Aino \s\ X \ *'<'^ «*^ *® •^ '^ "^  *^ seroo of 
8(ii) aai tlaose of T(«) for lOl valus'i? of • • Thle coBpa»t«o 
iMOL* proof* 
She foillosfllag oorollas^y is aa l!Sf«»4im^ ooisee<i«»ae« of 
tim abovff tJworom for the cai» if^» q • It Heaaso tSjR 4iffl»-
reixtlQl Ofnuatim (18.S?) mftiooo to tlaii ulff^ientlsl or,iiatloa 
(13*1}» udth I^B cioa/.7t?5nt3 p.^  ncnrr»»a|^ Kid[lrfc^  t-'> the ocmstnJitB 
QitrtA\m3ev ( 2 0 . 7 ) . 5 » t 0 1 ?' < «/& leKi^H BMK j1,(l/|f&}B©0P' 
19 ^ o<i^^tim ( i3 . i ) t fa 
aafl i f ^ tte poiatii a| Uo 1» ^ rffol internal [•ftta] t thirn 
tlm woroff of oaoh gtlgltjea poXynowial S(») ^ tho g r^oo of 
emh Vatt Vleo^ poIynonAal V(a), aafoelated with tho diffrontial 
OfTOatien (18,1), Ho i« |s( 1 y^a. 
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h^ftozeoB (SfD* (6t1)*t (6t2)] to nyatrnm 9t prtlal fruo-
tioa aim* 
Z1 . aartyrtirtilflBt W» study «rf «» seroe of tl» pflOiy-
noBlalB ^(0) aaa T(B) la zvlatlaa to 1^0 differential equstloa 
(18«1) (of* Ohaptor YXX) bas oxtoniiiToly boon Bad* by nany natbo* 
suttloittM (M9 Harditt [llf pp.959 * 954) under traitablo ooadi-
tioOB on ^» alagtaliirltieB a^ t but only for positive roaX valiiso 
of tte oonotaats ay Kardm C 1^ 1^^^ ^^ f l r^ tias^ga^ tlw 
troataaat of (13.1) sabjaot to t}K» oonditioii 
I org «| I i ^ < i«/fe 
aaA otytalaod varied geaoralisatiois of tiie followiiig reoolts 
8^e« [119 Theorens 1(a) - S(a)j) due to Btieltjos C l ' l * •«& 
neok [ 17 ] • BooHer [ 1 ] , no ia [ 7 ]» mA Polya [ U ] . In 
all theee rc^ milta tlio s j are tateit as poeitive roaXe. 
g h a a r i l . If a l l tha aoiata aj ^ o i ^ m y ia fia.lj) y^f 
£li82;y28. MlTMlrt S(B), jffgfflgiftM jAUk M mtwrfminX 
Thia result laia first pirovod tgr Stieltjes [153 
ia 10B5«8i as a probXea ia tlia eqiiiXibriiai of particles • Later oa» 
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in Itei yetiae 1894 KloUi C 7 ] ^ntabUsh^d tho ®aM result tiy 
a setliod of ooafanBal napplas* st i l l latert ia 1897 Bdohor 
C 1 ] jro^ rod i t bgr Beaas «f sinpla ftmotioa-thaoratio coasi-* 
d«ratlonB« 
j^ggggi tZ. y a H ^ aoittta a^ ^fff7?/fif^ ^ (18.1 j) 
foMMtLam. (18.1)9 M2L iteit Ha. fli ^ • 
n«ak C 17 ] i a tbi 9«ar 1898. 
J8lfll& ^ (flaotttiag Ift (18*1 J) w i l l j2ej| gftfflfltB ta» i^qrap f f 
mni\M TMnTWiffitftit affffwiflW OM M. uuimm9Sk uminm. 
(18.1). 
fbXe thaortti aaa first pro'vad far tine oema 
p tt 9 ^ Bdolier C 1 ] iB 1^4 ao a mrobloB in ti» atioilitelia of 
particle 89 a atthod ahioh oarriaa owr at oaca to tli» genfrel 
oaoa* ne ia [ 7 ] nteteo tha (^ eaosral tteovea oraditiag i t to 
w6olmT» ThB tli0or«a aaa also dieiooi^ rocl iadiipeaaantly la^ ^Ijrct 
in 1912. 
Far the fan Tlaok poljraflBial ?(•), Harden D »^ SPbeoroa 2bl 
1 '-. O 
ai>l«ta ^4 (manoBpArta i n ( 1 3 , 1 ) ) «111 jBlfiO QQiitftin ^le Mrofl Of 
ftunatl^a (13«1). 
Za t!i0 fffeseat ohapter m imoad to etody the eeiroe of 
tlw pailyiionliass(a) ana T(a) in rolatlon to the differontial 
o^uatian (18.2)• 'Sim xosalttthat «f» oHaiii ore T&lid floor both 
tho ttBSBD (18.1) and (18*2) (as «» have seen ia Chapter TCl)* 
irtiexaaa ths oorrespoadlas kaoiiii rosulta C ^ O apply oaXy to 
tho foztt (18.1) esA tara out as ooroUarles of oar rssolts* 
va ohall* ho«oinir« mSm otron^ aee of the oonRopte of oovariag 
fUaotiaaB aa latroduoiA IQT Mardaa C ^ O • 
% A caroyiag mBRlliHa ^^ ^ forbitrary ooavax rogion K* 
ae laean a fmctlin lc( ^ ) suoh that the iaaqu&Utgr 
(21.1) l a - 9^ 1 i l K ^ ) 
i s eatioflad hy aad mOy 13^  tiia polata a of K for al l values of 
/V . 1» ICBOv C 11 ] that oaa oo^ e^rlag famitloa lc(^) of a glwa 
ooisyez rogioa K xaay alwiaya bs ohosea as t2iB waTrtnnaB value i^ 
|a » '^  i for palate a la X. It alao leaow that every ooverlag 
faaDtloB of 8 ooavez regioa is alaaya aoiiMQegatlva sad that If 
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k( ^ ) i s «)3r zwaX aooMBfigatlvo fuootioat t ^ totality of 
peisks s nMelh (for all ftOiaes of A) natioff ^m ateifB 
iwqoiility ft«a a ooafox rogioa K Kith IBC )^ m m oowriiig 
ftmstioii* 
22. §Jil fiffn?rifli,gflf4fBB* »» r©^p»ot to the dlffero*. 
t ia l Oiiaatloa (t8*1)» Hiuirtloa hm o^taiaid quite a ^mtnX 
rosolt Dig fimi»9m 5l ^or arUtrarsr ooin^x roglimB bgr Intro-
Aueing tbo ooiiBOpt of oomrixm ^^ Uaotioai} D^t oeotloa 53* In 
this oeotiaa« «e shall oMaia zesuits oossoersaiag tho »^08 of 
8tifilt;}08 mA Tan Vleok peHyomsiiCiB in rotipeot to ^le aiffo* 
roatial aquation <18»2) for arhitrary oowmx rtgioao. Our oaia 
tlMorsB ia this aootioa ie tha oont ^iMral rosult icaowa thoe 
tme in ^ i s direotioa* It deducee as corollaries thB w^rimmlf 
kaoim raaulta don to Zahaor |^ f Thamr^ aa (2«1} aad (2*2)3» 
to Zahaar and Al«i {25« Oorollarj (2,5)] (^ *e*^  Corollary (20.4) 
ia Ohaptor fXt of the prasaat thaaia^t ooaoarntag tho diffare»» 
t ia l aquation (1d«2)« and also tho rQaolta aue to Mara«a | l t t 
Shaoreni 1(a) • H\ti corjceriila :^, z^. ai':'^-x::i':LcX o-^u-tioa 
(1d«1)t tuMm of iBliioh are stated ia fhaerioo I «• XT of SeotiMi 
2t • Our Bala reatilt ia iim fi^ Uoariag 
ghaona (22*1). If (flffg s j i ^ ?* < V^ tM.^1^ 
j ai 1«2t.«*»p aafl i f all tha aala^a i^Q^^jt ^ g i A a g 4f^  t ^ 
no 
^ t la l t iaa JHfiJBMKbdL ^^"^ itt& JBVL JGSSIttl 111 ^ ^ ^ Vim XktSll 
(18*2)9 lldH ift JBH j&UUBSi iS f i ln K* rtiifth ocmt^i^ K i i f l 
lc»(5\) « k(A) oeo 
(2*1-1) 
S^mSSiL q •• '^£33: I Q^ » a2»»**tn|. 
Sl i Lnoo all tliB points a40*l»4^  (5 iL " 1 A|t 
1 i. * i af*1* 1 Jl i 1 p) li« to i^^  °«*^^ region K nith k(9\.) 
110 o&mrim fttaotioat no see that for oash vuliie ef !A thi 
polata ftjet^^ wonlAt thBrefort^lie ia the elaraolsr re^iott 
1»•:^| ^ 1E( ^ ) . FrcM OoroUaBir (^.4) (of* CH t^oip m ) * m 
mm infer thaet the aeroe of oaoh stieltjee piOyaoeial S(s) 
ana the aeroe of each fan Tl<»o3e polvaraiat TCs) l ie ia the 
oirouliiir region 
\M-9< \ 1 IK^O seo 
( i f l ) is • 7 
< • • < • • • • • • « • • • • • • • « < 
(2qrO 
for eoch TaCLue of ^ « This rmaas thtt the mrm va^er ooiiBi* 
deration lie ia a convex region K* i^oh has 
( *' 
L 2<l - 1 
as a oomriag funotioii* 
has HK ^) a«> ootorins foaotloai anA onotlier <}oRvex roglott X* 
has Ic* (^) ae A ooforlag foaotiai flooh tliat 
tUsa K* 2 SC. lidir oiitco 0 i ?' < s/Sf «• ottsily seo that 
0 ^^  — — — — . < n/2 , 
eoA^ hsiioo, that 
fhis taplie^ thait K* onoloeos X naa our isroof Is oonpleto. 
iUi «i lisasdiate oon^oquoaoo of Theoroa (2^.1)f no obtaia 
tho fvaHamim reetat duo to Mard i^ [11» f!i0Qir«B 93« 
OflomllArx (22*2)* If ftll tha aoiate a^  la ths difffc>» 
foffitia:^  ^muttifltt <1d«1) ]J^ ^ 41 BSMSUk filfiUi 1^  «*>tk k( TV) 
J l oa^yipg JDlflfiJULfll* JfeUU^ ISESea M itttU g?tialtie« 
juAaEBflljiL ^^*) JUL JUtt jsssfi jsi l a ^ Jbii JOfisli x t i l m & i l 
ooawMt 2S f i l n ^* f t i ich ffffltfllillffi ^ ABl i i l lS t I llflft Aft ffgTffrHUff 
2C8ftt« ^ Tli»er«B (22.1)* I f «• talie a l l a|*e to te 
1 ( ! • • • • q » 1 ^ tlM d i f f e rea t i a l «q[iiatieii (18*2) r9dtie«8 to 
t lvi d i f f e roa t iA l oqtiatloa (13.1)» n i t h tim ooaataato a^ oorreo-
pooAing to 1 ^ oonstanta aj^» aoA Oorollar^r (22*?) I0 f a i r l y 
obviotiB* 
QM oowarlag f^uctioa k< /^ ) of a givoa eoitfi^ reglott X 
nay always bo ohooea em Hm mnximm talao of t* * ^i f<B^  polato 
a ia X. Through tlile oholco of ttio ftmotlM 1e(^)» ia faDt» tho 
iao<|iiality (21 «1) «111 otyvlouoly bo eatioflod by all polals m 
ia K for OQOh vaUw of >^  » bat i t ia not Bati^fiod by any 
peiat a outsido X« 7or« othomino, thore woulA ioeiBt a Uao 
i^eh iNmXd ooparato thB i^lat a firaa tha regioa Kt aaSl boaoo 
tlwre aoiild oxist a cirolo olth coatro al mmt poial 9^ ^ (aay) 
aad raAitto r (oay) aiiioh aoold ooafeaia X bat aot tbo poiat a. 
As k( ^^) ;S^  rt 00 laiot «tea harm 
la • :X j^| > IK 'A^), 
i .o«, f o r ^ « ^0f 2 oDUia aot oatiefy tlio iao<|uality (21 .S) . 
J O 
Ghosen la Ubim «aar» the oovirliig ftuaotioa of the olroXt 
with otfatrt at d aoS radius i^ « for aa«qpl#9 ie given Igf 0 0 
A glwa ooavox regloa haSt la goaoral, iBor« thaa em oowrlas 
fuaotioii. For oocaiqilO; Another oowriag funotlea for the eizelo 
with oeatro at a aaA with raAltte P i s 
iK?i) m p for ^ -I a 
k(^) • •• for !^  :^ «• 
«b ompXoy tho eoimring fimotlmi for oiroXoo dieoasaod 
abova to obtala ftron Thooren <S2«1) tha fOUoaiag raooXt (of. 
Corollary (20.4)) <la» to Sahoor and lOm 0^ 5* Oorolltfy (S«5)]» 
ThBoros (22*1) aaj tins te rogarded aa on ax^maioa of this 
reaolt* 
q«MMiiinry fgg.^). £ [ |arg a«| ^ ^^  < aA IflLlSffia 
XJ I ja • o| • at 
^ faoh Jon Xle&k SfllXBflKUlI •(*)§ ^saoiatad altli tho dtffa» 
yatiMl artumtiaa (t0*2)f ^^ f^ jy| JI^ L o^ 'w*^ "^"' faatoa 
[ 
M m epoolal onse of 7iMiox<Mi (?2*1)t ivt oMala tlio 
foUoviils 
i* flg JB It ftiwin ^^"^it^ B MJtli BflJiB^  Mis, M <^^  Jkm < ^ 
JB Hft ooafflonl •lltwB^ S* j l l ^ Qiilffi. jaB]& 
2a 800 
(q.l)ii • 3^  
2<|-1 
•itfKilf'B <| •> WflC [•l»"2»'»*»*p| 
|P£22£« Fir9t« w9 give tbo proof for the ajyeolAl oano 
utea t te olXlpM B has i t s oootrOf vsrtlooat md fool at t\m 
polats (0,0)t (^ a,0) OBA (^jt <'t<3[)t reapootlToly, Thsu 




( ^ oanrespoaSli!^  equation as stated ill Mairfltii [Ht Blqpaatiifli 
< 5*1)] has an oT^ ivloaa misprint and ^ ahooM t)0 xapXaoad in 
his aqiiatiMi Iqr 1^1*) So« tho oeteriag funotlofi of tHa 
ooBfax region t* of Sheerm (22.1) with K « l ia given ^ 
ic»(99« 
. 2 ^>^ 
a ( l40-^ | : \ | ) aeo (il-l)i i • ^ 
a<fi 
i f Ra(7^) aO 
i f R a ( ^ ) ^ 0 . 
ftom IhaereK (22«1) wet thorefore« infer tluit ?* ie preoiaeljr 
the eUipee s* aafl «ir oorollary fononB in t!ie oafm im&er 
oonaideratica* Tlia (^noral oaaet lio«eter» follows frcn aiailar 
aorgvienta as ttaed )Qr Mardwoi ^f • the dinouaaion preceding 
fteerea ^ [11* p.999l» «ith eqaationa 
P E 
J ^ "k • • ! 3-1f l»*k "k • " j 
0 01 • l,2f.»a) 
and 
£ 'i jarl t j i * a^ i » ! t | j •• • J J 
o 
r^ pXaMd ia hlo atrgaaant by equatioofi (of, (19.1) vtA (19 •4)) 
;[£"r[S'c-.-^/2i<-«'-4} » 1 TL « 0 
•ad 
reapaotlf^ly)* 
2a OorolXtfT (23*4) iS m tato all a^s to te 1 (i.m%; 
q • 1 ,^ i t iB prooiflely a result du» to Hardin (I1f Thaorta 6iQ. 
Slaoo a liao BogBnat vltli o^ tOg *>" ^^ poiate 1B a 
Ufldtiag oasa of aa aiUpBO ^vOv ^^  ^^  ^ Itttersaotloa of all 
ooafooal olUpaaa having oonoa fool at o^  n^d o )^* no obteda 
fjrm Corollary (22 «4) tha foUoalag r )siat due to Zahear (^ 4i 
SteoroBa (2*1} and (2,2)] la relatloa to differential equation 
(18.2). 
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a t i a l t i ^ g TMlTTMBllll ^^*^ ^lOCL JtML I8S8GL M JttJI 2iEA XUSk 
JSJLOHI Iff 
X • i m t i»-o^| • la-OgI i lo -^Ogl "•** ) t 
Hi aotv that the abotv ooroUairy for q « 1 i s •snoiitlally 
a result due to Uardsii [ l it VbAorcn ClO« 
29. AiMiiia^ tiMMi. Ao 8s«a tA t!is prsttcns seotlea» 
variWB aattaniatioiaiiB had obtaiasdi diffezoat rsstats for 
BpaoiaX ooawx rsgioas fk^» titaa to tim, m relation to dlffis* 
matial oiiQstioit (18* 1)9 t i l l Mardsa gavs his ^n^ral thftoraa 
for arbitrary oonmx ro^oaa (of* Corollary (22.2^ Bit^iii 
rolaliott to tte differential e<|aation (18.2), earn results for 
speoial ooofex regioast such as circlet ax»l llao ae^wats were 
olitaiaed earlier tor Saheor and AIM (j^St Oorollarj (2«9)3 ov 
see Corollary (20*4) ia Chapter Tix) and hf 2ah^er C{24» TheofTvos 
(2.1) • (2•a)] «p Bed Car©ll«3ry (22.J) in tlais cluster). Mom 
m eee that our IThBoaroB C?2.1) pots «i eaA to mmh opooiol 
otulies that ooxOA hafo beta uaaortatea otb&r«l@e« 
«» also note tbnt the part of our fhtiorea (?a«1) tiiat 
oono^ riiB s t ie l t JOB poXynoBttaXe nay be reisar^^ as a ^E^nsrali* 
n^tioe of XMoae theorea [H0» Theoreas (6f1)» (6»1)S (M)]] 
to oyetaiMi of partial fIraotlQtt Bme« 
Finallyt i*^  rm^r^H shat our .A.milta aro applioable to 
oertaia olaPBioal orthogonal polynoRlalB OSeegH, pp. 29^ 9B<*69« 
74* 1S90f *«S« Le«^»lT«t Jaoohif Tohehtohaff tiod latraephnrioiil 
poljfiMBiale of flrot or BecaaA IdnA «hloh are ispeolal oaeeo of 
stieltjee polj^nnlale ^iteii p « i S > a | M a 2 » t « ^ l a^tfig > Of 
*11 *" *^1 '* ^ ^ oqaatioii (18*?))« Our Theorea (22«1) liane* 
diatoly ii^llee the well-knoiA resolt {Saagii p*443 that the 
seroe of euoh poOUraBWifag | | # H ^ iatervial &ttl]t la view 
of tSio faot that oae oovering fonotNa of the oloeed lateirval 
G*a«a] 18 alwft bar 
(23.1) Je(5\) 
|?V- al If Re(>l) • 0 
i f Re(^) 4 0. 
She looatioa of the seroa of nore ameraa forae ^•e.^iiiea 
m^ tag are ooaplfix ntaihRrat la genaraS^ of aooh pOljraoBlals ie 
« 0«Sse«e»Q|^hsga^ iZtfUBOtfJllftt lB«r. Math* Soo. Colloq. 
1.3 
naoh Bflre isfolfwd aaA omAmramiB to obtain via the oxletliig 
nethoAs ovnllablo in tbs theory of olaosloia orthogoaia pol3^ » 
nmltdfi* Our reouXtSy honevory haw an oney aocone to ^li 
looatioii of 1^0 scroo of the ^mral fonaa of th0im poUyiMBli^. 
A tyxdoal wu/ssio to this effect i s the following aow reoiilt 
ooaoomliig tho asroe of the ^oaorfiUood ;raoohl polynenialfi* 
(23.1 ) • Jl ao (ex) > « 1 , Ro (^) > - I t MtL 
• |ar« 0*1)I I , I |apg(«*l)| 
?« VB) H O i a ^ & ragJtti X. ^ £ l ] n | l ^ 
* « , » 
S t |»»1| * i » f l | ^ 2 830 ^'L 
iSSB^* ^^ gonarallaed JaooH pol^ aoialaX^ '?^ (•) 
aro polyiMBlal eolutioiP of tho difforoatlal ot^ uatlott 
* •« L. J do 
wliioh la a epeolal oase of tlm diffex^atial oqtiatleii (18.2) 
f o r q « i 1 | p « 2 t m^^ w-ag^ • If a^  « «4>1» og * P*^  (?»P ^i»B 
arbitrary oflnplox maibero])* CcmBaqtaently, thcs gORoralleed JeooM 
-^ 0 
pffilyftflatnl" 7^*^Hn) ore tho ntleltjes pol3maaiaX8« Ths 
larga^l 1 ^ < n/S y 4 - 1,2. 
Xii flwr «f <23.1), oar h^ftos-ea (?2«1) isaye that al l the mrtm 
of F^ (a) Us la t!» re/^ieii ^' 9!i0'^ « oas* aoveriag; faaotloa 
la ai^^a ^ 
VCA) • 
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If Ee(9v)t*0, 
TrJLe v&gXosk S* io tiste &e«ii to be an elUpio (nf. (?2,1)) with 
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